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ABSTRACT 
 
 
 

Fahad B. A. Almudairis (Doctor of Philosophy in Petroleum Engineering)  
 
Unified Transient Model for Gas-Oil-Water Flow in Wells and Pipelines 
 
Directed by Dr. Hong-Quan Zhang 
 
162 pp., Chapter 6: Conclusions and Recommendations 
 

(285 words) 
 

Many transient phenomena are encountered in the oil industry during daily operations. In 

a production system, transient multiphase flow can be initiated from production rate change, 

sudden perturbation of steady-state flow, or due to special pipeline geometries such as severe 

slugging in pipeline-riser system and developing slug flow in hilly-terrain pipelines. Operating a 

well or a pipeline under these transient conditions can cause significant production fluctuations, 

and reduce the efficiency of the production system. Therefore, these transient operation 

processes need to be predicted and analyzed.  

This study presents a three-phase gas-oil-water model for the simulation and analysis of 

various steady-state and transient production processes. In three-phase flow, when the two 

liquids are separated, the two-phase models cannot be used, and new flow patterns are formed. 

The new transient mechanistic models are developed based on mass and momentum 

conservation principles for each flow pattern. The partial differential equations are solved using 

the finite difference method for both spatial and time discretization. A new solution algorithm is 

adopted to achieve a stable and full transient model. The flow patterns are determined based on 

two-phase gas-liquid flow pattern transition criteria along with the oil and water mixing status. 
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The fluid properties at each time step are calculated using either black oil or compositional 

model. The additional variables are calculated using closure relationships.  

The present model can predict the detailed multiphase flow hydrodynamic behaviors 

including pressure, temperature, local flow pattern, liquid holdup, and fluid velocities. The 

present simulator is comprehensive and can be used for various transient phenomena. Moreover, 

practical situations are considered, including complex pipeline and wellbore geometries, and a 

wide range of operating conditions. The model is validated through comparisons with 

experimental results and commercial software simulations. 
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CHAPTER 1 

INTRODUCTION 
 
 
 

Three-phase gas-oil-water flow is a common occurrence in petroleum production and 

during transportation through wells and pipelines. When the reservoir is depleted with time, 

water and condensate may increase, resulting in a higher probability of three-phase flow. Three-

phase flow may also occur in a thin-pay zone due to a higher potential of water coning or in 

enhanced oil recovery wells from water injection return. Under certain circumstances such as 

offshore wells or wells located in unconventional geological areas, three-phase flow cannot be 

separated until it reaches the gathering station. It is therefore important to understand and predict 

the behavior of three-phase flow in multiphase systems.  

Flow assurance issues associated with multiphase flow are another reason why three-

phase flow behavior must be comprehensively understood. These issues—which include hydrate 

formation, emulsion, wax deposition, and corrosion—have significant impacts on flow 

performance. Under specific pressures and temperatures, hydrates are formed by the chemical 

combination of natural gas or light hydrocarbon and water. The presence of water in three-phase 

flow may create conditions favorable for the formation of hydrates. Hydrate inhibitors such as 

methanol, glycol, and other alcohols can be injected to prevent the hydrate formation. However, 

the quantity of inhibitors injected should not affect the flow capacity of the lines. Corrosion is 

typically found in untreated gas streams. When carbon dioxide (CO2) or hydrogen sulfide (H2S) 

dissolves in water, they form corrosive carbonic acid and cause pipe corrosion. Corrosion 

inhibitors are the ideal way to maintain the mechanical integrity of the lines. The inhibitors are 



 

 2 

usually oil or water-soluble, and it is essential that they come together with the phase in contact 

with the pipe wall. It is, therefore, extremely important to understand the flow characteristics for 

three-phase flow, including predicting the flow patterns to help select the appropriate inhibitors.  

The addition of a third phase adds new complex flow patterns compared to the two-phase 

flow. Therefore, despite the practical uses of three-phase flow in the oil industry, the limited 

range of modeling work available in the literature is not surprising. Several incomplete modeling 

attempts were initiated to predict three-phase flow behavior. The drawback to these is that they 

do not consider all the possible three-phase flow patterns that occur, or they use two-phase flow 

patterns to model three-phase flow. Three-phase experimental findings show that using two-

phase assumptions for three-phase flow modeling often leads to inaccurate results. Given the 

failure of these attempts, this study makes a major contribution to the literature by undertaking a 

three-phase gas-oil-water model. 

 Even the two-phase oil/water flow has its own complex flow behavior. Depending on the mixing 

forces, they can flow in separate layers or one liquid may be dispersed in the other to form an 

emulsion. When an emulsion is formed, either of the two phases (oil or water) may be 

continuous and the other dispersed in the form of droplets. In such flow, the physical properties 

play a crucial role and in either case they can be quite different. Therefore, an accurate 

determination of these properties including the viscosity of the mixture is extremely important. 

The mixture viscosity, and consequently the pressure gradient, also changes significantly when 

phase inversion takes place. Phase inversion is the phenomenon whereby the phases 

spontaneously exchange roles such that the dispersed phase is inverted to become the continuous 

phase and vice versa. Still within the stratified flow, the oil/water interface is often concave, and 

therefore the interfacial shear stress prediction becomes difficult.   
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More complicated flow characteristics are noticed when three-phase flow behaves in a 

transient way. Three-phase pipelines are usually planned to operate in the steady-state condition. 

However, changes in operational conditions, which are frequently encountered, introduce 

perturbations that affect the flow hydrodynamic behaviors such as pressure, holdups, and 

velocity distributions as functions of space and time. In this study, several transient phenomena 

have been simulated, predicted, and analyzed including the sudden perturbation of steady-state 

flow, severe slugging in pipeline-riser system, gas-lift instabilities, and severe slugging in 

horizontal wells.  

A sudden perturbation of steady-state flow followed by a change in flow rates is the first 

transient phenomenon under consideration in this study. This behavior is simulated to predict the 

time it takes to readjust to a steady state again. As mentioned earlier, the occurrence of a three-

phase flow due to the sudden inception of water is widely encountered for both the surface 

pipeline system and well operation. Therefore, water loading and depletion are predicted and 

evaluated. During the decline stages of oil fields, gas-lift instabilities such as casing heading may 

take place with another type of transient flow. Casing heading instability occurs when gas is 

overly injected due to low tubing pressure followed by a decrease or complete cessation of gas 

injection. These cyclic flow behaviors are simulated and the effects of two factors, including gas 

injection rate and port size of the gas-lift valve, are presented. 

With decreasing gas and liquid flow rates, when an upward riser follows a pipeline 

section with a downward inclination angle, the tendency for severe slugging increases. Severe 

slugging, as displayed in Figure 1-1, usually occurs in four stages: slug formation, slug 

production, blowout, and liquid fallback. The slug formation stage occurs when the liquid begins 

to accumulate at the riser base due to the relatively low liquid and gas flow rates, consequently 
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blocking the gas passage. The liquid level in the riser then increases while the blocked gas is 

accumulated and compressed in the pipeline. The slug formation stage ends when the liquid level 

reaches the top of the riser, thus initiating the slug production stage. During this stage, the 

pressurized gas pushes the liquid in the pipeline and moves towards the riser base. When the 

compressed gas reaches the bottom of the riser, the gas will penetrate the liquid in the riser and 

promote the blowout. The penetrated gas will reduce the hydrostatic head by decreasing the 

mixture density. After the compressed gas is exhausted, the liquid film fallback. This cyclic flow 

behavior of single liquid flow followed by another period of high liquid and gas flow rates can 

considerably disrupt the surface facilities. For three-phase flow, this transient phenomenon 

becomes more complicated due to the distribution between the liquid phases. The understanding 

and prediction of this behavior is also included in this study by comprehensive comparisons with 

experimental results.  

 

Figure 1-1: Stages for Severe Slugging in Pipeline-Riser System 
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A hilly-terrain pipeline, as shown in Figure 1-2, is a pipeline consisting of horizontal, upward 

inclined, and downward inclined sections. The hilly-terrain pipeline and some directional wells 

both have low spots where liquids may accumulate. The downward flow picks up liquids 

accumulated at the dip and causes changes in the flow characteristics such as slug initiation or 

slug growth. The severity of slug characteristic changes depends on pipe geometry and 

operational conditions. Flow assurance issues can also be induced by the hilly-terrain geometry. 

When water accumulates because of the downward flow and the falling back liquid from the 

upward section, the possibility of hydrate formation will increase. Moreover, the turbulence and 

high shear forces in slug flow can also disturb the corrosion inhibitors and increase damage to 

the pipelines. The overall flow in the hilly-terrain pipeline is considered a continuous flow. 

However, the pressure behaves in fluctuation form and the oscillations are primarily due to the 

slug evolution and flow pattern change. Moreover, the lower elbow that initiates the slugs is 

considered to be a transient region. Therefore, a transient solution is required to accurately model 

the behavior. For some unconventional wells, if the flow in the lateral section moves downward 

and then turns to the upward near vertical well, the flow can behave like severe slugging in 

pipeline-riser system but with less severity. The main difference revolves around the elimination 

of slug production and severe blowout stages. Therefore, this cyclic slugging behavior in 

unconventional wells can be used to mimic the slug evolution behavior, and in this study, it is 

simulated and is referred as severe slugging in horizontal wells. 
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Figure 1-2: Slug Initiation and Growth in Hilly-Terrain Pipelines  

Operating a well under fluctuating conditions may cause severe operational problems. 

The pressure changes and flow oscillations reduce the efficiency of the production system and 

may cause flooding of surface facilities. In artificial lift, if the parameters of the system vary with 

time, the production control becomes more difficult and the production target cannot be fulfilled. 

Therefore, these unstable operating conditions should be predicted to achieve the most 

productive and cost-effective production system. It is preferable to use a transient simulator to 

predict and investigate the general principles of unsteady-state flow. A transient simulator can 

help the production engineers check the stability of their designs, diagnose the instability 

problems, and rectify them with stabilizing measures.  

In this study, a transient unified model is developed to investigate the general principles 

of three-phase gas-oil-water flow instability. If the two liquids are fully mixed, three-phase flow 

is treated as gas/liquid two-phase flow. Otherwise, three new flow patterns exist, and mass and 

momentum conservation equations for each phase in each flow pattern are developed. Figure 1-3 
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shows when to treat the three-phase flow as a two-phase mixture, and when to use the newly 

developed models. The set of partial differential equations is discretized using an implicit finite 

difference numerical scheme. A stable and fully transient model is achieved by introducing a 

new solution algorithm and iteration procedure. The flow patterns are predicted by combining 

the two-phase flow pattern transition mechanism and the liquid phases’ distribution. Several 

closure relationships are used to calculate the additional variables in the solution procedure. The 

proposed model in this study not only predicts the occurrence of the flow instability but also 

predicts the detailed multiphase flow hydrodynamic behaviors, such as local pressure, flow 

pattern, liquid holdup, and fluid velocities. Furthermore, practical conditions are incorporated in 

the developed simulator, namely complex wellbore geometries and a wide range of operating 

conditions. 



 

 8 

 
 

Figure 1-3: Overall Flow Chart for Transient Three-Phase Unified Model 
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CHAPTER 2 
 

LITERATURE REVIEW  
 
 
 

Several studies, including papers, theses, and dissertations, have been published since the 

1950s concerning three-phase flow in petroleum production and transportation. Some studies 

identify the flow patterns, and others develop mechanistic models to predict the flow 

characteristics. The following is a comprehensive review of selected studies with their 

advantages and shortcomings. 

 
 

2.1 Three-Phase Flow Patterns 

Sobocinki (1955) was the first experimental study to investigate three-phase flow 

behavior. In his work, nine different three-phase flow patterns were identified. The experiments 

were conducted in an 11.6 m long horizontal transparent plastic tube with a 0.079 m ID (Inner 

Diameter). The superficial velocities ranged between 2.4–16.3 m/s for air, 0.006–0.09 m/s for 

oil, and 0.002–0.088 m/s for water. Based on gas-liquid and oil-water distributions, the flow 

patterns are classified as follows: 

• Stratified-No liquid mixing 

• Ripple-No liquid mixing 

• Surface waves-Inception of oil and water mixing 

• Light waves-Incipient emulsion 

• Waves-Incipient emulsion 

• Waves-Partial emulsion 
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• Heavy waves-Partial emulsion 

• Light crests-Emulsion 

• Semi annular-Emulsion 

The first part of the flow pattern classifications provides the gas-liquid condition, and the 

second part provides the oil-water condition of the flow. It is clear that the gas-liquid conditions 

include only different types of stratified flow. Lack of specificity regarding the continuous phase 

in the oil-water condition is another drawback of this classification. 

Açikgöz et al. (1992) performed an inclusive experimental study on horizontal three-

phase flow. The experiments were conducted in a 5.78 m long horizontal Plexiglas tube with a 

19 mm ID. The superficial velocities were between 0.15–50 m/s for gas, 0.043–0.24 m/s for oil, 

and 0.004–0.66 m/s for water. Listed below are the ten flow patterns that were identified: 

• Oil based-Dispersed-Plug flow 

• Oil based-Dispersed-Slug flow 

• Oil based-Dispersed-Stratified wavy flow 

• Oil based-Separated-Stratified wavy flow 

• Oil based-Separated-Stratified annular wavy flow 

• Oil based-Separated dispersed-Stratifying annular flow 

• Water based-Dispersed-Slug flow 

• Water based-Dispersed-Stratified wavy flow 

• Water based-Separated-Incipient stratifying annular flow 

• Water based-Dispersed-Stratifying annular flow 

The first part of the flow pattern classifications was based on the liquid-wall 

relationship—whether it is oil-based or water-based. The second part was based on the liquid-
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liquid relationship, and the third part was based on the gas-liquid relationship. Although the third 

part includes six different configurations, it covers only some of the gas-liquid flow patterns. 

Pan (1996) employed an approach similar to the one used by Açikgöz et al. (1992), but 

with a different classification order. The experiments were performed in a 38 m long horizontal 

stainless-steel pipe with a 77.92 mm ID. Eight flow patterns were identified which are listed 

below:  

• Separated-Stratified flow 

• Separated-Slug flow 

• Dispersed-Oil continuous-Stratified flow 

• Dispersed-Oil continuous-Slug flow 

• Dispersed-Oil continuous-Annular flow 

• Dispersed-Water continuous-Stratified flow 

• Dispersed-Water continuous-Slug flow 

• Dispersed-Water continuous-Annular flow 

The classification started with a liquid-liquid relationship instead of a liquid-wall 

relationship. The second part was based on a liquid-wall relationship, whether the continuous 

phase is oil or water, and the third part was based on a two-phase gas-liquid relationship. Pan 

presented fifteen flow patterns, but only eight were observed during the experiments. 

Woods et al. (1998) carried out the first comprehensive study on three-phase vertical 

flow. The experiments were conducted in a 0.026 m ID vertical Perspex pipe. The flow rates 

were up to 0.02 m3/s for air, 0.00015 m3/s for water, and 0.0001 m3/s for oil. The flow patterns 

were divided into two main classes: oil dominated (OD) flow (as shown in Figure 2-1) and water 

dominated (WD) flow (as shown in Figure 2-2). 
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Figure 2-1: Oil Dominated Flow Regimes in Vertical Three-Phase Flow  

(Woods et al., 1998) 
 

 
Figure 2-2: Water Dominated Flow Regimes in Vertical Three-Phase Flow 

(Woods et al., 1998) 
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Oddie et al. (2003) conducted steady-state and transient experiments for multiphase gas-

water, oil-water, and gas-oil-water flows. The pipe deviated from 0o (upwards vertical) to 92o 

(slightly downward), and the experiments were performed through a transparent 11 m long pipe 

with a 150 mm ID. Several flow rates for each phase were applied over wide ranges. For two-

phase oil/water flows, three flow patterns were observed, as listed below: 

• Dispersed/homogeneous  

• Mixed/semi-mixed 

• Segregated/semi-segregated flows  

For gas-water and gas-oil-water, the flow patterns were: 

• 	
  Bubble 

• Churn 

• Elongated-bubble 

• Slug 

• Stratified/stratified-wavy  

Based on the experimental results, detailed flow pattern maps were generated over the 

entire range of flow rates and pipe inclinations for all the fluid systems. 

Keskin et al. (2007) provided the most comprehensive classification of three-phase flow 

patterns. Three-phase gas-oil-water experiments were conducted in horizontal pipes at different 

water cuts. The superficial velocities ranged between 0.1–7.0 m/s for gas, 0.02–1.5 m/s for oil, 

and 0.01–1.0 m/s for water. Twelve flow patterns were identified and classified based on a 

combination of gas-liquid and oil-water distributions. The sketches of the flow patterns are 

displayed in Figure 2-3, Figure 2-4, and Figure 2-5.  
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Figure 2-3: Stratified Gas-Oil-Water Flow Patterns (Keskin et al., 2007) 
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Figure 2-4: Intermittent Gas-Oil-Water Flow Patterns (Keskin et al., 2007)  
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Figure 2-5: Annular and Dispersed Gas-Oil-Water Flow Patterns  

(Keskin et al., 2007)  
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2.2 Three-Phase Modeling 

Several studies have been conducted to model the three-phase flow behavior. Most of 

these studies were designed to estimate the steady-state flow characteristics. Moreover, they 

were developed for either a specific inclination angle or for a specific flow pattern. 

Taitel et al.’s (1995) study was one of the first attempts to model three-phase flow. They 

considered three-phase stratified flow in horizontal pipes using momentum balance equations for 

each phase. The momentum equations for water, oil, and gas can be written as  

−AW
dp
dx

"

#
$

%

&
'−τWSW +τ iSi − ρW AW g sinβ = 0,   (2-1) 

−AO
dp
dx
"

#
$

%

&
'−τOSO −τ iSi +τ jS j − ρOAOg sinβ = 0,   (2-2) 

and 

−AG
dp
dx

"

#
$

%

&
'−τGSG −τ jS j − ρGAGg sinβ = 0,   (2-3) 

where A is cross sectional-area, ρ is density, p is pressure, and β is the inclination angle, which is 

positive for upward inclination. The subscript W stands for water, O stands for oil, and G stands 

for gas. τW is the shear stress acting on the wall wetted by the water perimeter SW, τO is the shear 

stress acting on the wall wetted by the oil perimeter SO, τG is the shear stress acting on the wall 

wetted by the gas perimeter SG, τi is the shear stress acting on the oil-water interface Si, and τj is 

the shear stress acting on the oil-gas interface Sj.  

The momentum equation for the liquid phase can be computed by summing Eq. (2-1) and 

Eq. (2-2) as 

−
dp
dx

"

#
$

%

&
'−

τ LSL
AL

+
τ jS j
AL

− ρLg sinβ = 0,   (2-4) 

where 
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τ LSL = τWSW +τOSO ,   (2-5) 

ρL =
ρW AW + ρOAO

AL
,   (2-6) 

and 

AL = AW + AO .   (2-7) 

The combined momentum equation for the gas and liquid streams can be obtained by 

eliminating the pressure drop from Eq. (2-4) and Eq. (2-3) as 

−
τ LSL
AL

+
τGSG
AG

+τ jS j
1
AL
+
1
AG

"

#
$$

%

&
''− ρL − ρG( )g sinβ = 0.   (2-8) 

Another combined momentum equation for oil and water streams can be obtained from 

the momentum equations Eq. (2-1) and Eq. (2-2) as 

−
τWSW
AW

+
τOSO
AO

−
τ jS j
AO

+τ iSi
1
AW

+
1
AO

"

#
$$

%

&
''− ρW − ρO( )g sinβ = 0.   (2-9) 

Eq. (2-8) and Eq. (2-9) can be solved simultaneously to obtain the liquid level height hL at 

a given set of flow rates. Three theoretical steady-state liquid level solutions for stratified flow 

can be estimated, but the only realistic one is the solution with the lowest liquid level. The 

transition from stratified flow to slug or annular flow was modeled based on liquid level 

instability. This model can only be applied to a specific inclination angle range and flow pattern. 

Additionally, the criterion for the transition from three-phase stratified flow is valid only at low 

gas flow rates.   

Khor et al. (1997) extended the three-phase stratified flow model developed by Taitel et 

al. (1995) using different options for shear stresses and friction relationships. The different 

models vary in the choice of equations used for calculating the shear stress and hence in the 

method of solution. Although the fluid surfaces in three-phase stratified flow are highly 
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disturbed, Khor et al. consider this to be flat for the sake of simplicity. For gas-wall shear stress, 

the standard Blasius (1913) expression is recommended for smooth pipes as it requires less 

computational time in general with good accuracy. For turbulent flow, Blasius equation can be 

given by 

fk = 0.046Rek
−0.2 ,   (2-10) 

and for laminar flow, 

fk =16 / Rek ,   (2-11) 

where the subscript k indicates gas, oil, or water; fk is phase friction factor; and the phase 

Reynolds number can be defined as  

Rek =
ukDkρk
ηk

,   (2-12) 

where ρk is the phase density, ηk is the phase viscosity, uk is the phase velocity, and Dk is the 

hydraulic diameter of the region occupied by the phase. For rough pipes, however, the Blasius 

(1913) expression could not apply. For oil-wall and water-wall shear stresses, it was 

recommended that the Srichai (1994) relationships should be used for better predictions. The 

friction factor equation is given by 

foorw = 0.765 εoorw Reoorw( )
−0.562

,  (2-13) 

where εoorw is the fraction of the relevant liquid phase and Reoorw is the Reynolds number 

calculated from  

Reoorw =
uoorwDoorwρoorw

ηoorw
.   (2-14) 

For gas-oil interfacial shear stress, it is recommended that the relationship of Hart et al. 

(1989) be used. They took into account the wetted wall fraction, ϕ, to modify the gas-liquid 
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interfacial friction factor for three-phase flow. The wetted wall fraction as a function of Froude 

number, Fro, can be written as   

φ = 0.52εL
0.374 +0.26Fro

0.58,   (2-15) 
 

where 

Fro =
ρo

ρo − ρG( )
uo
2

gD
  (2-16) 

 
and 

εL = εw +εo.   (2-17) 

The interfacial roughness, ki, is calculated from 

ki = 2.3
εLD
4φ
.   (2-18) 

Finally, the interfacial friction factor, fi, is determined from either the implicit Colebrook 

(1939) equation:  

1
fk
= 3.48− 4.0 log10

2ks
D

+
9.35
Rek fk

"

#

$
$

%

&

'
'
,  (2-19) 

or the explicit form developed by Eck (1973): 

fk =
0.0625

log10 15 / ReG+
ks
D
/ 3.715

!
"
#

$
%
&

'

(
)
)

*

+
,
,

2
.   (2-20) 

The oil-water interfacial shear stress can be given with the straightforward approach 

recommended by Taitel et al. (1995), which uses a fixed value of 0.014. 

Bonizzi and Issa (2003) developed a transient three-phase model to simulate stratified 

and slug flows in horizontal or nearly horizontal pipes. The idea was based on the two-fluid 

model along with a drift-flux model to combine the two sets of liquid equations into one. Using a 
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drift-flux approach allows the reduction of the number of transport equations from six to five. 

The five transport equations can be written as 

• Gas continuity equation: 

∂ ρGαG( )
∂t

+
∂ ρGαGuG( )

∂x
= 0,   (2-21) 

• Liquid phase (mixture) continuity equation: 

∂ ρMαM( )
∂t

+
∂ ρMαMuM( )

∂x
= 0,   (2-22) 

• Water-cut transport equation:	
  

∂ ρWcWαM( )
∂t

+
∂ ρWcWαMuW( )

∂x
= 0,   (2-23) 

• Gas momentum equation:	
  

∂ ρGαGuG( )
∂t

+
∂ ρGαGuG

2( )
∂x

= −αG
∂p
dx
−αGρGg sinβ −

τGLSGL
A

−
τWGSG
A

,  (2-24) 

• Liquid phase (mixture) momentum equation:	
  

∂ ρMαMuM( )
∂t

+
∂ ρMαMuM

2( )
∂x

= −αM
∂p
dx
−αMρM g

∂h
dx
cosβ −αMρM g sinβ

+
τGLSGL
A

−
τWKSKK=1

N
∑

A
+Ω +Ψ ,

 

        (2-25) 

where the subscripts G, M, and W refer to the gas, mixture, and water phases respectively, the 

phase fraction is α, the liquid-cut is c, the height of the liquid-mixture is h, and the liquid–gas 

interfacial chord is SGL. The index N in the summation represents the number of liquid phases in 

contact with the pipe wall. For oil and water stratified flow, it becomes 2 and for dispersed flow 

it becomes 1. The terms Ω and ψ in Eq. (2-25) are given by 
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Ω = −
∂
∂x

αMcW 1− cW( )ρWρ Ous2
ρM

#

$
%
%

&

'
(
(
  (2-26) 

and 

Ψ =αM ρM − ρO( )g cosβ ∂h
∂x

−αW ρW − ρO( )g cosβ ∂hW
∂x
,  (2-27) 

where us is the slip velocity between the liquid phases. The derivatives of the liquid height in Eq. 

(2-27) can be given by 

∂h
∂x

=
πD

4sin γ / 2( )
∂αM
∂x

  (2-28) 

 

and 

∂hW
∂x

=
πD

4sin γW / 2( )
∂αW
∂x
,   (2-29) 

where γ and γW are the stratification angles for the total liquid and water layers, respectively.  

The transport equations are solved numerically using a previously developed simulator 

for two-phase slug flow. The model can predict whether the two liquids are segregated or fully 

dispersed based on the prediction of the maximum liquid droplet size that is generated under 

local flow conditions. They also investigated the effect of the superficial gas velocity on the 

phase inversion. It has been found that when gas flow rate is increased, the phase inversion 

would shift towards higher water-cuts.  

Zhang and Sarica (2006) extended the two-phase unified model by Zhang et al. (2003) to 

a three-phase model. This model describes three-phase flow distributions based on gas-liquid 

flow pattern and oil-water mixing status. The three-phase continuity and momentum equations 

are developed for new flow patterns. For slug flow with stratified oil and water, the continuity 

equations for the oil, water, and gas phases in the film zone can be obtained, respectively, as 



 

 23 

1−HWGS( ) 1−αOS( ) vT − vOS( ) = HOF vT − vOF( ),   (2-30) 

HWGS 1−αWS( ) vT − vWS( ) = HWF vT − vWF( ),   (2-31) 

and 

1−HWGS( )αOS vT − vOS( )+HWGSαWS vT − vWS( ) = 1−HOF −HWF( ) vT − vG( ).  (2-32) 

The momentum equations for the oil film, water film, and the gas pocket in the gas-

pocket region can be written as 

p2 − p1( )
lF

=
ρO vT − vOF( ) vOS − vOF( )

lF
+
τ I1SI1 −τ I 2SI 2 −τOFSOF

HOF A
− ρOg sinθ ,  (2-33) 

p2 − p1( )
lF

=
ρW vT − vWF( ) vWS − vWF( )

lF
+
τ I 2SI 2 −τWFSWF

HWFA
− ρW g sinθ ,  (2-34) 

and 

p2 − p1( )
lF

= −
τ I1SI1 +τGSG
1−HOF −HWF( )A

− ρGg sinθ.  (2-35) 

Because the gas density is much lower than the liquid density, the momentum exchange 

for the gas pocket momentum equation has been removed. Similarly, for stratified oil and water 

flows in the slug body, the momentum equations for oil and water respectively can be obtained 

as  

p2 − p1( )
lS

=
ρO vT − vOS( ) vOF − vOS( )

lS
−
τ I 0SI 0 +τOSSOS
1−HWGS( )A

− ρOg sinθ  (2-36) 

and 

p2 − p1( )
lS

=
ρW vT − vWS( ) vWF − vWS( )

lS
+
τ I 0SI 0 −τWSSWS

HWGS A
− ρW g sinθ.  (2-37) 
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Two combined momentum equations can be obtained for gas and liquid streams and for 

oil and water streams in the gas-pocket region from Eq. (2.33), Eq. (2.34), and Eq. (2-35). They 

can be given, respectively, as 

ρOHOF vT − vOF( ) vOS − vOF( )+ ρWHWF vT − vWF( ) vWS − vWF( )
lF HWF +HOF( )

−
τOFSOF +τWFSWF
HOF +HWF( )A

+
τ I1SI1
A

1
HOF +HWF

+
1

1−HOF −HWF

"

#
$$

%

&
''

+
τCSC

1−HOF −HWF( )A
−
ρOHOF + ρWHWF
HOF +HWF

− ρG
"

#
$$

%

&
''g sinθ = 0

  (2-38) 

and 

ρW vT − vWF( ) vWS − vWF( )− ρO vT − vOF( ) vOS − vOF( )
lF

−
τWFSWF
HWFA

+
τOFSOF −τ I1SI1

HOFA
+
τ I 2SI 2
A

1
HWF

+
1
HOF

"

#
$$

%

&
''− ρW − ρO( )g sinθ = 0.

  (2-39) 

One more combined momentum equation can be obtained for the slug body from Eq. (2-

36) and Eq. (2-37) as 

ρW vT − vWS( ) vWF − vWS( )− ρO vT − vOS( ) vOF − vOS( )
lS

−
τWSSWS
HWGS A

+
τOSSOS
1−HWGS( )A

+
τ I 0SI 0
A

1
HWGS

+
1

1−HWGS( )
"

#
$
$

%

&
'
'
− ρW − ρO( )g sinθ = 0.

 (2-40) 

In the above equations, the unknowns are calculated using both the continuity and 

combined momentum equations. For three-layer stratified flow, the combined momentum 

equations for gas and liquid streams and for oil and water streams can be obtained if the 

momentum-exchange terms are removed from Eq. (2-38) and Eq. (2-39). The two-phase oil-

water stratified flow has one combined momentum equation for oil and water streams and is 

obtained if the momentum-exchange term is removed from Eq. (2-40). The slug flow with fully 

mixed oil and water is considered the simplest three-phase slug flow scenario. The two-phase 
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gas-liquid continuity and momentum equations can be followed, but the effective physical 

properties of the liquid mixture are calculated using empirical correlations. They can also be 

used in annular flow, because the oil and water are assumed to be fully mixed due to high 

turbulence. For bubbly flow with fully mixed oil and water, the gas and liquid are assumed to be 

homogeneously mixed and the bubble-rise velocity relative to the liquid is considered. The 

authors proposed that one liquid is dispersed in the other when the total turbulence energy is 

greater than the total surface-free energy. However, a gradual transition from stratified layers to 

partial dispersion and then to full dispersion should be provided with more realistic criterion. 

 

2.3 Transient Modeling 

For decades, several attempts have been made to develop a transient model for simulation 

and analysis. The complexity of solving the transient conservation equations forced several 

simplifications and assumptions in these development attempts. For example, Taitel et al. (1989) 

used a simplified transient approach by assuming a quasi-steady-state gas flow and a transient 

liquid flow. This can lead to inaccurate results in many applications. The previous transient 

studies are presented and arranged below based on the type of simplification.  

Many studies proposed models for a particular transient phenomenon. Pothapragada 

(1996) and Tang (1998) presented transient dynamic models and simulators to predict the gas-lift 

unloading process. The developed transient partial differential equations are solved using an 

explicit finite difference scheme, and different types of empirical correlations for slug and bubble 

flow are used in their development. They coupled the two transient mass conservation equations 

with the steady-state empirical correlations for the liquid holdup and superficial velocities and 

then used the transient momentum equation for pressure estimation. Although they obtained 
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satisfactory results, it is inadequate to determine a major variable such as the holdup using a 

steady-state correlation. Sarica and Shoham (1991) developed a simplified, transient two-phase 

approach for severe slugging phenomenon in a pipeline-riser system. They assumed a quasi-

equilibrium process and a one-dimensional gravity-dominant flow in both the pipeline and the 

riser. Beltran (2005) extended the two-phase model developed by Sarica and Shoham (1991) into 

a three-phase gas-oil-water model. In his model, a homogeneous pseudo-liquid phase is 

considered by assuming that the oil and water phases are always fully mixed. 

Designing a transient model for a specific flow pattern is another common practice. 

Sharma (1985) developed a transient two-phase flow model for slug flow. The simulator is based 

on a mathematical two-fluid model coupled with a hydrodynamic slug flow model and can be 

used to predict the slug characteristics as a function of space and time. Hanich and Thompson 

(2001) developed a transient three-phase model for three-layer stratified flow. They presented a 

new numerical algorithm solution for solving the system of partial differential equations and 

showed a wide range of stability. 

The majority of the transient three-phase models are developed based on a two-fluid 

model between liquid and gas and a drift-flux model between oil and water in the liquid phase. 

Shirdel and Sepehrnoori (2016) tested and solved the partial differential equations using two 

different numerical approaches—the semi-implicit and nearly implicit algorithms. Bonizzi and 

Issa (2003) used the same drift-flux model to represent the oil and water behavior. However, 

they solved the transient equations with Euler-implicit discretization in time and first order 

upwind in space. Using the drift-flux model overcomes the limitation of the homogeneous non-

slip assumption for oil and water. Nevertheless, it cannot be used to cover the entire three-phase 

flow patterns. In the previous studies, the oil and water in the slug body are assumed to be fully 
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mixed, whereas the flow pattern changes to stratified flow when they are separated. However, 

there is another flow pattern created during the transition from stratified flow to fully mixed slug 

flow. This flow pattern is slug flow with stratified film and slug, and in this study, a mechanistic 

model has been developed to cover it.   

An analytical solution for the set of partial differential mass and momentum conservation 

equations is almost impossible. Therefore, another substantial difference between the previously 

developed models is the numerical approach they used to solve the partial differential equations. 

Different numerical solution procedures including the method of characteristics, implicit finite 

differences, or explicit finite differences have been used and tested. The method of 

characteristics can be eliminated due to a stability restriction. Scoggins (1977) used a fully 

implicit finite difference numerical scheme to solve the partial differential equations. The 

solution algorithm for solving the non-linear system of equations was based on Newton-Raphson 

iteration scheme. The implicit finite difference methods usually guarantee stability. However, 

they require solving a large and complex matrix of equations for every time step. The explicit 

finite difference solutions impose a stability restriction on the ratio of the maximum time step to 

the length step. However, most of the transient processes in the production systems are rather 

short and a small time step is quite satisfactory. They also require much simpler computer 

programs that can be designed and used for different transient petroleum applications. The semi-

implicit and nearly implicit solution algorithms are simplified approaches of the fully implicit 

scheme. Their numerical formulation is based on using both explicit and implicit terms during 

the solution procedure. Many multiphase flow simulators, including OLGA, use a semi-implicit 

approach to solve the finite difference equations and have been promising with regard to 

stability.  
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In this study, the mechanistic models have been built based on fewer assumptions 

compared with the previous models. Moreover, the development of unique and complex flow 

patterns, such as transient slug flow with stratified film and slug, increases the number of partial 

differential equations to be solved for each time step. Therefore, the stability of the fully implicit 

formulation makes it the ideal candidate for solving the transient conservation equations in the 

current work. The length of the implicit finite difference solving mechanism is simplified by 

using an innovative solution procedure. Throughout the calculations, several variables are used 

in their previous time step and updated during the iterations to ensure implicit implementation.   
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CHAPTER 3 

MODEL DEVELOPMENT 
 
 
 

At the TUALP 2014 Fall Advisory Board Meeting (ABM), Zhang (2014) first presented 

a unified model for transient gas-liquid pipe flow. The transient model is an extension of the 

steady-state unified model Zhang et al. (2003) developed over a decade ago. Almudairis (2014) 

in his thesis extended Zhang’s (2014) theoretical model into practical applications. The thesis 

presents a model for the simulation and analysis of various steady and unsteady-state gas-lift 

processes. The model is comprehensive and can be used as a tool to predict different transient 

multiphase flow phenomena in petroleum production and transportation through wells and 

pipelines. In this study, Almudairis’ (2014) two-phase model is extended further to a three-phase 

gas-oil-water model. Three-phase mass and momentum conservation equations are developed for 

new flow patterns and will be presented below. Some simplifications and assumptions are made 

in the development. The black oil or compositional models can be used for calculating the fluid 

physical properties such as density and viscosity. Finally, closure relationships for determining 

the remaining terms in the conservation equations are provided.  

 

3.1 Transient Hydrodynamic Model 

For low to intermediate liquid flow rates, the oil and water usually separate, and three 

different three-phase flow patterns may prevail. The two-phase models assume fully mixed oil 

and water and therefore the prediction is usually inaccurate. The three-phase flow patterns are 

the three-layer stratified flow, the slug flow with stratified film and slug, and the slug flow with 
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stratified film and mixed slug. In the following sections, three different mechanistic models will 

be presented for each of the flow patterns based on the physical behavior of the phases. 

 

3.1.1 Three-Layer Stratified Flow 

The two-phase oil-water stratified flow is considered a simpler version of the three-layer 

stratified flow. The presence of gas will increase the number of conservation equations. Based on 

the control volume diagram in Figure 3-1, the mass balance equations for the incompressible oil 

and water phases respectively can be formulated as 

∂
∂t
HOF( ) = − ∂

∂z
HOFvOF( )   (3-1) 

and 

∂
∂t
HWF( ) = − ∂

∂z
HWFvWF( ),   (3-2) 

while the mass balance equation for the gas phase is 

∂
∂t

ρCHC( ) = − ∂
∂z

ρCHCvC( ),   (3-3) 

where t and z represent time and position respectively, vOF, vWF, and vC respectively represent the 

velocities of oil film, water film, and gas core , HOF, HWF, and HC represent oil film holdup, water 

film holdup, and gas core holdup, respectively. In these formulae, the phase change between 

liquid and gas is neglected. 

All the forces acting on the oil film control volume are shown in Figure 3-2. The 

momentum conservation equation for oil film can be written as 

∂vOF
∂t

= −
1
ρO

∂p
∂z
− vOF

∂vOF
∂z

+
τ I1SI1 −τ I 2SI 2 −τOFSOF

ρOAHOF

− g sinθ.   (3-4) 

Similarly, for water film and gas core, respectively, 



 

 31 

∂vWF
∂t

= −
1
ρW

∂p
∂z
− vWF

∂vWF
∂z

+
τ I 2SI 2 −τWFSWF

ρW AHWF
− g sinθ   (3-5) 

and 

∂vC
∂t

= −
1
ρC

∂p
∂z
− vC

∂vC
∂z

−
τCSC +τ I1SI1

ρCA 1−HOF −HWF( )
− g sinθ ,   (3-6) 

where SI1 and SI2  are the interfacial perimeters for gas/oil interface and oil/water interface 

respectively, SOF, SWF, and SC are the pipe perimeters wetted by oil film, water film, and gas core 

respectively, and τI1 and τI2 are the shear stresses for gas/oil interface and oil/water interface 

respectively, and τOF , τWF, and τC are the shear stresses for oil film, water film, and gas core, 

respectively.  

 
 

Figure 3-1: Mass Conservation Control Volume for Oil Film in Three-Phase Stratified 
Flow 
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Figure 3-2: Momentum Conservation Control Volume for Oil Film in Three-Phase 
Stratified Flow 

 
The holdups and local velocities are calculated using the following basic relationships. 

The gas core velocity is  

vC =
vSG + vSLFE
1−HLF

,   (3-7) 

where FE is the liquid entrainment fraction and can be estimated using a steady-state correlation. 

The oil and water film holdups in gas core are obtained by  

HOC =
vSOFE
vC

  (3-8) 

and 

HWC =
vSWFE
vC

.   (3-9) 

The oil and water film holdups are calculated as 
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HOF = HO −HOC   (3-10) 

and 

HWF = HW −HWC .   (3-11) 
 

The local oil and water velocities are obtained by 
 

vOF =
vSO 1− FE( )
HOF

  (3-12) 

and 

vWF =
vSW 1− FE( )
HWF

.   (3-13) 

The gravitational, accelerational, and transient pressure gradients can be calculated for 

different flow patterns using the same principle of average holdups and velocities once the 

primary variables are determined. They are given, respectively, by  

∂p
∂z G

= − ρWHW + ρOHO + ρGHG
!" #$g sinθ ,   (3-14) 

∂p
∂z A

= − ρOHOvO
∂vO
∂z

+ ρWHWvW
∂vW
∂z

+ ρGHGvG
∂vG
∂z

"

#
$

%

&
',   (3-15) 

and 

∂p
∂z T

= − ρOHO

∂vO
∂t

+ ρWHW
∂vW
∂t

+ ρGHG

∂vG
∂t

"

#
$

%

&
'.   (3-16) 

The frictional pressure gradient, however, is different for each flow pattern. For three-layer 

stratified flow it is given by 

∂p
∂z F

= − SOF fOFρOv
2
OF + SWF fWFρWv

2
WF + SC fCρCv

2
C( ) / 2A( ).   (3-17) 
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3.1.2 Slug Flow with Stratified Film and Slug 

For slug flow in the two-phase flow system, the liquid and gas are fully mixed in the slug 

body and the slug liquid holdup is the only variable to be provided. In this flow pattern, the oil 

and water are fully separated in the slug body region. Consequently, five new variables (HWGS, 

αOS, αWS, vOS, vWS,) are introduced to express the distribution between the oil, water, and gas in 

the slug region. The mass and momentum conservation equations are developed for each region 

separately, and the interaction between them is presented in the form of momentum exchange. 

As illustrated in Figure 3-3, assuming no liquid entrainment in the gas core, the mass 

conservation equations for incompressible oil and water in the film region can be written, 

respectively, as 

∂
∂t
HOF( ) = − ∂

∂z
HOFvOF( )+

1−HWGS( ) 1−αOS( ) vT − vOS( )−HOF vT − vOF( )!
"

#
$

lF
  (3-18) 

and 

∂
∂t
HWF( ) = − ∂

∂z
HWFvWF( )+

HWGS 1−αWS( ) vT − vWS( )−HWF vT − vWF( )!
"

#
$

lF
,  (3-19) 

while the gas core in the film region can be obtained by  

∂
∂t

ρCHC
!" #$= −

∂
∂z

ρCHCvC( )

+
ρC 1−HWGS( )αOS vT − vOS( )−HC vT − vC( )!
"

#
$

lF

+
ρC HWGSαWS vT − vWS( )−HC vT − vC( )!
"

#
$

lF
,

 (3-20) 

where vT is the slug translational velocity, vOS and vWS are the oil and water slug velocities 

respectively, lF is the liquid film length, HWGS is the water holdup with entrapped gas in slug 
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body, αOS and αWS are the gas-volume fraction in oil of slug body and gas-volume fraction in 

water of slug body. 

 

Figure 3-3: Mass Conservation Control Volume for Oil Film in Slug Flow with Stratified 
Film and Slug 

 
For slug body as shown in Figure 3-4, the mass conservation equations for oil, water, and 

gas can be written as  

∂
∂t

1−HWGS( ) 1−αOS( )!
"

#
$= −

∂
∂z

1−HWGS( ) 1−αOS( )vOS!
"

#
$

−
1−HWGS( ) 1−αOS( ) vT − vOS( )−HOF vT − vOF( )!

"
#
$

lS
,
 (3-21) 
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∂
∂t
HWGS 1−αWS( )!
"

#
$= −

∂
∂z
HWGS 1−αWS( )vWS!
"

#
$

−
HWGS 1−αWS( ) vT − vWS( )−HWF vT − vWF( )!
"

#
$

lS
,
 (3-22) 

and 

∂
∂t

ρG 1−HWGS( )αOS +HWGSαWS{ }!
"

#
$=

−
∂
∂z

ρG 1−HWGS( )αOSvOS( )− ∂
∂z

ρGHWGSαWSvWS( )

−
ρG 1−HWGS( )αOS vT − vOS( )−HC vT − vC( )!
"

#
$

lS

−
ρG HWGSαWS vT − vWS( )−HC vT − vC( )!
"

#
$

lS
.

  (3-23) 

 

 
 

Figure 3-4: Mass Conservation Control Volume for Oil Slug in Slug Flow with Stratified 
Film and Slug 
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The forces acting on the oil film in the film region of slug flow are shown in Figure 3-5. 

The momentum conservation equations for the oil, water, and gas in the film region can be 

written, respectively, as 

∂vOF
∂t

= −
1
ρO

∂p
∂z
− vOF

∂vOF
∂z

+
vT − vOF( ) vOS − vOF( )

lF
+
τ I1SI1 −τ I 2SI 2 −τOFSOF

ρOAHOF

− g sinθ ,
 (3-24) 

 
∂vWF
∂t

= −
1
ρW

∂p
∂z
− vWF

∂vWF
∂z

+
vT − vWF( ) vWS − vWF( )

lF
+
τ I 2SI 2 −τWFSWF

ρW AHWF
− g sinθ ,

 (3-25) 

and 

∂vC
∂t

= −
1
ρC

∂p
∂z
− vC

∂vC
∂z

+
vT − vC( ) vOS − vC( )

lF
+
vT − vC( ) vWS − vC( )

lF
−
τCSC +τ I1SI1
ρCAHC

− g sinθ.
 (3-26) 
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Figure 3-5: Momentum Conservation Control Volume for Oil Film in Slug Flow with 
Stratified Film and Slug 

 
For stratified oil and water flows in the slug body, as shown in Figure 3-6, the momentum 

equations can be obtained as 

∂vOS
∂t

= −
1
ρOS

∂p
∂z
− vOS

∂vOS
∂z

+
vT − vOS( ) vOF − vOS( )

lS
−
τ I 0SI 0 +τOSSOS
ρOS A 1−HWGS( )

− g sinθ
 (3-27) 

and 

∂vWS
∂t

= −
1
ρWS

∂p
∂z
− vWS

∂vWS
∂z

+
vT − vWS( ) vWF − vWS( )

lS
+
τ I 0SI 0 −τWSSWS
ρWSAHWGS

− g sinθ.
 (3-28) 
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Figure 3-6: Momentum Conservation Control Volume for Oil Slug in Slug Flow with 
Stratified Film and Slug 

 
In order to solve the mass and momentum conservation equations, all the physical 

variables that are presented should be determined first. The slug length and the translational 

velocity can be determined using closure relationships. Considering the passage of a slug unit at 

an observation point, the following relationships hold for oil, water, and gas:  

lU vSO = lS 1−HWGS( ) 1−αOS( )vOS + lFHOFvOF ,   
(3-29) 

 
lU vSW = lSHWGS 1−αWS( )vWS + lFHWFvWF ,   (3-30) 

and 

lU vSG = lS 1−HWGS( )αOSvOS +HWGSαWSvWS!
"

#
$+ lFHCvC .   

(3-31) 
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 The mixture velocity based on the local velocities in the slug body and the film zone can be 

given as 

vM = 1−HWGS( )vOS +HWGSvWS  
(3-32) 

and 

vM = HOFvOF +HWFvWF + 1−HOF −HWF( )vC .  (3-33) 

 The average oil and water holdups in a slug unit are expressed as 

HO = 1−HWGS( ) 1−αOS( ) lS +HOFlF!
"

#
$ / lU   

(3-34) 

and 

HW = HWGS 1−αWS( ) lS +HWFlF!
"

#
$ / lU .   

(3-35) 

Zhang et al. (2003) developed a mechanistic model for slug liquid holdup based on a 

balance between the turbulent kinetic energy of the liquid phase and the surface free energy of 

dispersed gas bubbles in a slug body. The model is developed for two-phase gas-liquid flow, and 

because the oil and water are completely separated in this flow pattern, the model can be used 

also to predict the gas-volume fraction in each of the oil and water layers separately. The main 

model equation is expressed by 

αLS =1−
1

1+ Tsm
3.16 ρL − ρG( )gσGL!

"
#
$
1/2

.  (3-36) 

The above equation can be used between the gas-oil and gas-water by replacing the L 

with the actual phase. The Tsm for gas-oil and gas-water can be given, respectively, by 

Tsm
GO =

1
Ce

fSO
2
ρOSvOS

2 +
d
4
ρO (vT − vOF )(vOS − vOF )HOF

lS

+
d
4
ρC (vT − vC )(vOS − vC )(1−HLF ) vSO / vSL( )

lS

!

"

#
#
#
#
#

$

%

&
&
&
&
&

,   (3-37) 
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and  

Tsm
GW =

1
Ce

fSW
2
ρWSvWS

2 +
d
4
ρW (vT − vWF )(vWS − vWF )HWF

lS

+
d
4
ρC (vT − vC )(vWS − vC )(1−HLF ) vSW / vSL( )

lS

"

#

$
$
$
$
$

%

&

'
'
'
'
'

,   (3-38) 

where 

C e=
2.5− sin(θ )

2
.   (3-39) 

The solution procedure is based on an iteration method, which will be discussed in detail 

in Chapter 4. As explained initially, the frictional pressure gradient is different for each flow 

pattern. For slug flow with stratified oil and water, the frictional pressure gradient is calculated 

with 

∂p
∂z F

= −RFU SOF fOFρOv
2
OF + SWF fWFρWv

2
WF + SC fCρCv

2
C( ) / 2A( )

− 1− RFU( ) SOS fOSρOSv2OS + SWS fWSρWSv2WS( ) / 2A( ),
 (3-40) 

 
where RFU is the film to slug unit length ratio. 

 

3.1.3 Slug Flow with Stratified Film and Mixed Slug 
 

The film region is the same as the slug flow with stratified film and slug. In the slug 

region, however, the three-phases are fully mixed with one of the liquid phases as the continuous 

phase. As a result, the slug body holdup fractions (αOS, αWS, HWGS) are replaced with simple no-

slip holdup (fO and fW). Moreover, the previous slug velocities (vOS and vWS) disappear, to be 

replaced with a mixture velocity that can be given by  

vM = vSO + vSW + vSG .
 

(3-41) 
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Based on the new modifications, the mass conservation equations for incompressible oil 

and water respectively in the film region can be written as 

∂
∂t
HOF( ) = − ∂

∂z
HOFvOF( )+

fOHLS vT − vM( )−HOF vT − vOF( )!
"

#
$

lF
 (3-42) 

and 

∂
∂t
HWF( ) = − ∂

∂z
HWFvWF( )+

fWHLS vT − vM( )−HWF vT − vWF( )!
"

#
$

lF
,  (3-43) 

while the gas core in the film region can be obtained by  

∂
∂t

ρCHC
!" #$= −

∂
∂z

ρCHCvC( )+
ρC 1−HLS( ) vT − vM( )−HC vT − vC( )!
"

#
$

lF
.  (3-44) 

For slug body, the mass conservation equations for oil, water, and gas respectively can be 

written as  

∂
∂t
fOHLS( ) = − ∂

∂z
fOHLSvM( )−

fOHLS vT − vM( )−HOF vT − vOF( )!
"

#
$

lS
,  (3-45) 

∂
∂t
fWHLS( ) = − ∂

∂z
fWHLSvM( )−

fWHLS vT − vM( )−HWF vT − vWF( )!
"

#
$

lS
,  (3-46) 

and 

∂
∂t

ρG 1−HLS( )!
"

#
$= −

∂
∂z

ρG 1−HLS( )vM!
"

#
$

−
ρG 1−HLS( ) vT − vM( )−HC vT − vC( )!
"

#
$

lS
.
 (3-47) 

The momentum conservation equations for the oil, water, and gas in the film region can 

be written as 
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∂vOF
∂t

= −
1
ρO

∂p
∂z
− vOF

∂vOF
∂z

+
vT − vOF( ) vM − vOF( )

lF
+
τ I1SI1 −τ I 2SI 2 −τOFSOF

ρOAHOF

− g sinθ ,
 (3-48) 

∂vWF
∂t

= −
1
ρW

∂p
∂z
− vWF

∂vWF
∂z

+
vT − vWF( ) vM − vWF( )

lF
+
τ I 2SI 2 −τWFSWF

ρW AHWF
− g sinθ ,

 (3-49) 

and 

∂vC
∂t

= −
1
ρC

∂p
∂z
− vC

∂vC
∂z

+
vT − vC( ) vM − vC( )

lF
−
τCSC +τ I1SI1
ρCAHC

− g sinθ.
 (3-50) 

The variables in the mass and momentum conservation equations can be solved using the 

following relationships. Considering the passage of a slug unit at an observation point, the 

following relationships hold for oil, water, and gas: 

lU vSO = lS fOHLSvM + lFHOFvOF ,   (3-51) 
 

lU vSW = lS fWHLSvM + lFHWFvWF ,   (3-52) 

and 

lU vSG = lS 1−HLS( )vM + lFHCvC .   (3-53) 

 The average oil and water holdups in a slug unit are expressed by 

HO = fOHLSlS +HOFlF!" #$ / lU   
(3-54) 

and 

HW = fWHLSlS +HWFlF!" #$ / lU .   
(3-55) 
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Zhang et al.’s (2003) model for slug liquid holdup can be also used here, but both the oil 

and the water films in the gas-pocket region should be considered. The model then becomes 

HLS =
1

1+ Tsm
3.16 ρL − ρG( )gσGL!

"
#
$
1/2

,   (3-56) 

where 

TSM =
1
Ce

fS
2
ρSvM

2 +
d
4
ρO (vT − vOF )(vM − vOF )HOF

lS

+
d
4
ρW (vT − vWF )(vM − vWF )HWF

lS

+
d
4
ρC (vT − vC )(vM − vC )(1−HLF )

lS

"

#

$
$
$
$
$
$
$
$

%

&

'
'
'
'
'
'
'
'

,  (3-57) 

where fS is the friction factor of slug body and ρS is the density of slug body. The solution 

procedure of the above relationships is explained in detail in Chapter 4. The slug body mixture 

properties can be calculated using the same equations for oil/water dispersed flow. The frictional 

pressure gradient is updated with 

∂p
∂z F

= −RFU SOF fOFρOv
2
OF + SWF fWFρWv

2
WF + SC fCρCv

2
C( ) / 2A( )

− 1− RFU( ) πdfSρSv2M( ) / 2A( ).
 (3-58) 

 

3.2 Oil-Water Flow Behavior 

As opposed to the case of two-phase gas-liquid flow, the phenomena that drive the two-

phase oil-water are more complicated. The physical relationships of interfacial shear stress and 

volumetric averaging are often inaccurate. In three-layer stratified flow and slug flow with 

stratified film and slug, the liquid phases are separated everywhere, and an accurate 
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determination of the interfacial shear stress is crucial. However, in slug flow with fully mixed oil 

and water and dispersed or bubbly flow, the mixture properties and inversion are more 

significant. In the following sections, the two-phase oil-water models will be presented for both 

separated and mixed cases and the same closure relationships to describe the distribution 

between the liquid phases can be used later for the three-phase models. To determine whether the 

oil and water are mixed or separated, a previous flow pattern transition criterion based on the 

droplet diameter is proposed with slight modification in case of gas presence.  

 

3.2.1 Closure Relationships 

 Stratified flow with complete separation of the liquids may prevail for low flow rates, where the 

stabilizing gravity force due to a finite density difference is dominant. Unlike the two-phase gas-

liquid flow, the oil-water interfacial tension exhibits a unique behavior, and a special closure 

relationship should be used. According to Zhang et al. (2011), the oil-water interface is often 

concave, and the interfacial shear stress can be given by  

τ I =
fWΘW + fO 1−ΘW( )

2
ρM ΘWτWF + 1−ΘW( )τOF"

#
$
% × vOF − vWF( ) , (3-59) 

where fO and fW are the friction factors for oil and water, respectively, ΘO and ΘW are the oil and 

water wetted wall fractions, respectively, and ρM is the mixture density. 

With increasing flow rates, when the water layer moves faster than the oil layer, oil drops 

get entrained into the water. Vice versa, with a faster oil layer, water drops are entrained into the 

oil layer. The rate of droplet entrainment at the interface increases with increasing liquid flow 

rates. For sufficiently high liquid flow rate, the entire dispersed phase becomes discontinuous in 

another continuous liquid phase, resulting in an oil-in-water or water-in-oil dispersion. The 
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system of two immiscible liquids, such as oil and water, could become even more complex, since 

the resulting mixed fluid can turn into an emulsion. The emulsion is a quasi-stable suspension of 

fine droplets of one liquid dispersed in another liquid. The behavior is different from that in gas-

liquid mixture, especially the fluid physical properties. If the oil and water are fully mixed, 

Brinkman’s (1952) correlation can be used to calculate the apparent viscosity of the mixture. The 

correlation is a function of the phase fraction and the viscosity of the continuous phase. It can be 

given as 

µLM
µC

= 1−φInt( )
−2.5
,   (3-60) 

where µC and µLM are the viscosities of the continuous phase and the liquid mixture, respectively. 

In order to predict the continuous phase, Brauner and Ullmann (2002) combined the criterion of 

minimum system-free energy with Brauner (2001) model for droplet size in dense dispersions to 

predict the critical conditions for phase inversion. The correlation is given by 

φOI =
!ρ0.6 !µ0.4

1+ !ρ0.6 !µ0.4
,   (3-61) 

where 
 

!ρ =
ρO
ρW
,   (3-62) 

and 

!µ =
µO
µW
,   (3-63) 

where ϕOI is the critical-oil holdup in the oil/water mixture, corresponding to the inversion from 

oil continuous to water continuous or vice versa.  
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3.2.2 Flow Pattern Transition 

The transition to dispersed flow pattern occurs when the continuous liquid phase 

turbulence is sufficiently intense to break the other liquid phase into small droplets and disperse 

them. In gas-liquid two-phase flows, the mixing status of the gas and liquid is determined based 

on the balance between the total turbulent energy of the liquid and the total free-surface energy 

of the gas bubbles. The same concept can be used to model the mixing status of the oil and water 

in two-phase and three-phase pipe flows. The high turbulence forces usually occur when one or 

both liquid flow rates are increased. Therefore, a criterion can be derived that one liquid becomes 

dispersed in the other when liquid-mixture velocity is higher than a certain value. In order to 

establish the dispersion criterion, the maximum liquid droplet size dmax that can be generated 

under the specific flow conditions is smaller than a critical diameter value dCRIT. The methods 

used to estimate these diameters will be presented below with and without the presence of gas. 

 

3.2.2.1 Two-Phase Oil-Water Liquid Droplets Size: Hinze (1955) studied the breakup 

process and discovered that the maximum stable diameter of the dispersed-phase results from a 

balance between surface tension forces and turbulent forces. The droplet behaviors are studied 

for dilute and dense dispersion regimes. When the droplets are fully suspended and transported at 

low pressure and high velocity, the droplets float in a dilute dispersion. In order to confirm the 

Hinze (1955) equation, a dimensionless analysis was performed in this study in terms of density, 

droplet diameter, surface tension, and energy dissipation per unit mass and the resultant equation 

can be written as  

C1 =
ρε

2
3dMAX

5
3

σOW
,   (3-64) 
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where the energy dissipation per unit mass is expressed as 

ε =
2
d
fM vM

3 ,   (3-65) 

and 

fM = 0.046
dρMvM
µM

!

"
##

$

%
&&

−0.2

.   (3-66) 

 
By rearranging in terms of the maximum droplet diameter, 

dMAX =C2
σ 0.6d 0.4

1.32 fM
0.4vM

1.2ρM
0.6
.  (3-67) 

Hinze (1955) suggested a constant value of 0.725 for parameter C2, and by applying the 

value in Eq. (3-67), the maximum droplet diameter for dilute dispersion regime can be obtained 

as 

dMAX
Dilute = 0.549 σ 0.6d 0.4

fM
0.4vM

1.2ρM
0.6
.   (3-68) 

The resulting equation mentioned above matches the one provided by Hinze (1955) for 

dilute dispersion regime. On the other hand, the droplets are floating in a dense dispersion when 

they are not suspended and transported at high pressure and low velocity. Under such conditions, 

the droplets coalesce, requiring higher turbulent energy to disrupt the process and promote the 

dispersion. Brauner (2001) provided a correction factor for the maximum bubble size in dense 

flow dispersions, which is based on the gas void fraction. He proposed the following value for 

the parameter C2, 

C2 = 2.93
αD
1−αD

"

#
$$

%

&
''

0.6

.  (3-69) 

 
By applying this C2 relation in Eq. (3-67), the maximum droplet diameter for dense 
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dispersion regime becomes 

dMAX
Dense = 2.221

αD
1−αD

!

"
##

$

%
&&

0.6
σ 0.6d 0.4

fM
0.4vM

1.2ρM
0.6
.   (3-70) 

It is recommended that for a liquid-liquid flow the maximum droplet size diameter be the 

largest obtained from the dilute and dense dispersion expressions as 

dMAX =Max dMAX
Dilute ,dMAX

Dense( ).   (3-71) 

The bubbles resulting from the breakup process can exhibit different types of behavior. 

For stable and sustained droplets with a low rate of coalescence, the continuous phase turbulent 

forces should be sufficiently high to overcome the bubble agglomeration and creaming 

mechanisms. The bubble agglomeration tends to lead to coalescence when the resulting bubble 

size is larger than a critical value. An expression for the critical bubble diameter which is a 

strong function of the surface tension was proposed by Brodkey (1967) and modified by Barnea 

et al. (1982) as 

dCD = 2
0.4σ

ρC − ρD g cosθ

!

"
#
#

$

%
&
&

1/2

.   (3-72) 

The migration of the dispersed phase of an emulsion under the influence of buoyancy is 

called the creaming effect. This mechanism takes place when the turbulent forces of the 

continuous phase overcome the buoyancy force of the droplets. Unlike the agglomeration 

mechanism which is a function of the constant value of surface tension, the creaming effect is a 

strong function of a continuous phase turbulent force—namely mixture velocity. Taitel and 

Duckler (1976) suggested the following relation by equating the buoyancy and turbulent forces 

and solved for the diameter,  
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dCB =
3
8

ρC
ρW − ρO( )

fM vM
2

g cosθ
.   (3-73) 

For oil and water emulsion to occur, the maximum droplet diameter should be less than 

both the critical droplet diameters due to agglomeration and creaming mechanisms, 

dMAX ≤ dCD and dMAX ≤ dCB .   (3-74) 

 

3.2.2.2 Three-Phase Gas-Oil-Water Liquid Droplets Size: The previous section discussed the 

case when the oil and water are fully distributed in the pipe. When there is gas layer present at 

the top of the pipe, the liquid film holdup and velocity will be altered and create conditions 

favorable for liquid dispersion. This can be seen in three-layer stratified flow and in the film 

region of slug flow. The previous criteria can be similarly used, but by replacing the mixture 

velocity with local film velocity and the pipe diameter with liquid hydraulic diameter. First, the 

two-phase gas-liquid model is used by assuming that the oil-water are fully mixed. The gas-

liquid model is used to estimate the liquid film characteristics such as liquid velocity, wetted 

perimeters, and corresponding liquid hydraulic diameter. The calculated liquid phase 

characteristics are used to calculate the maximum and critical droplet diameters. When 

superficial gas velocity is increased, the liquid holdup will decrease, and the liquid film velocity 

will increase, which in turn will promote the dispersion. The maximum droplet diameter for 

dilute and dense flows then become 

dMAX
Dilute = 0.549

σ 0.6dL
0.4

fM
0.4vF

1.2ρM
0.6   (3-75) 

and 
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dMAX
Dense = 2.221

αD
1−αD

!

"
##

$

%
&&

0.6
σ 0.6dL

0.4

fM
0.4vF

1.2ρM
0.6
.   (3-76) 

The mixture friction factor becomes 

fM = 0.046
dLρMvF
µM

!

"
##

$

%
&&

−0.2

.   (3-77) 

The critical diameter in Eq. (3-72) stays the same, as it is not a function of either the 

diameter or the flow rate. However, the critical diameter due to the creaming effect becomes 

dCB =
3
8

ρC
ρW − ρO( )

fM vF
2

g cosθ
.   (3-78) 
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CHAPTER 4 

NUMERICAL SCHEME AND SOLUTION ALGORITHM 
 
 
 

The set of conservation equations developed in the previous chapter are non-linear and 

one-dimensional partial differential equations. Those equations are impossible to be solved 

analytically, and require the application of numerical methods. In this chapter, two different 

solution algorithms are proposed and tested—the fully transient and semi-transient calculations. 

The fully transient procedure requires several iterations, and therefore more simulation time is 

required. The semi-transient one is simpler and faster and has good accuracy. Both methods 

require converging the main variables, which are holdups, velocities, and pressures. For both the 

fully transient and semi-transient methods and for all the flow patterns, the procedure for the 

pressure calculation is as follows. Given the local pressure (from previous time step), the 

physical properties for each cell can be calculated. After following the procedures proposed 

below for the velocities and holdups, the pressure drop between every two adjacent cells can be 

obtained. Assuming that the outlet pressure is given, the pressure drops are used to calculate the 

pressure at the jth increment using the pressure at the (j+1)th increment. The fluid properties can 

then be modified to the new pressure and a new iteration for the other variables is performed. 

The solution algorithm that will be presented below is started after the calculation of the pressure 

and fluid properties to converge the mass and momentum conservation equations for the holdups, 

velocities, and pressure drops. 
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4.1 Fully-Transient Solution 

The three primary flow patterns in this study are the three-layer stratified flow, slug flow 

with stratified film and slug, and slug flow with stratified film and mixed slug. Each flow pattern 

has different unknowns, which requires different solution algorithms, and they will be presented 

below individually.  

 

4.1.1 Three-Layer Stratified Flow 

For three-layer stratified flow, there are fourteen hydrodynamic variables (HO, HW, HG, 

HOF, HWF, HC, HOC, HWC, vSO, vSW, vSG, vOF, vWF, vC), which require fourteen equations to predict 

them. Since the water, oil, and gas must fill the pipe (HO+HW+HG=1 and HOF+HWF+HC=1), the 

variables are reduced to twelve. These hydrodynamic variables can then be estimated directly 

using the six mass and momentum conservation equations for the three phases and other six 

basic relationships. However, the mass and momentum conservation equations are implicit 

equations for the velocities and holdups and should be coupled and solved simultaneously and 

thus allow a stepwise integration. Moreover, the conservation equations are partial differentials 

and need to be discretized and solved numerically using finite difference schemes. As described 

in the literature review, the complexity of the new model requires using the fully implicit finite 

difference scheme to avoid the instability associated with the explicit and semi-implicit schemes. 

The numerical solution demands that the pipe be divided into discrete finite cells Δz. At each 

cell, the point (n, j) is used to express the n-th time and j-th node in the pipe. To link the cells 

together, the known variables U(n, j), U(n, j-1), and U(n+1, j-1) are used to obtain the new time 

step at the current cell U(n+1, j). Using this terminology, the space and time derivatives in the 

mass and momentum differential equations are discretized as follows: 
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(i) Space derivative (backward Euler differencing): 

U( ) j
n+1
− U( ) j−1

n+1

Δz
.
  

(4-1) 

(ii) Time derivative (forward time differencing):  

U( ) j
n+1
− U( ) j

n

Δt
.
 

 (4-2) 

Using the above differencing, the mass conservation equations for oil, water, and gas can 

be respectively written as  

HO( ) j
n+1
− HO( ) j

n

Δt
= −

vSO( ) j
n+1
− vSO( ) j−1

n+1"
#$

%
&'

Δz
,   (4-3) 

HW( ) j
n+1
− HW( ) j

n

Δt
= −

vSW( ) j
n+1
− vSW( ) j−1

n+1"
#$

%
&'

Δz
,   (4-4) 

and 

ρG( ) j
n+1
HG( ) j

n+1
− ρG( ) j

n
HG( ) j

n!
"#

$
%&

Δt
= −

ρG( ) j
n+1
vSG( ) j

n+1
− ρG( ) j−1

n+1
vSG( ) j−1

n+1"
#$

%
&'

Δz
.
 

 (4-5) 

The three momentum equations in three-layer stratified flow are used to confirm the 

water and liquid holdups and to calculate the pressure gradients. Since the solution of the 

momentum equations for these variables is in principle an implicit solution, direct calculation is 

not possible, and a new formulation must be used. The proposed method is obtained by creating 

two combined momentum equations and one pressure equation. The two combined momentum 

equations are achieved by eliminating the pressure gradient, while the pressure equation is 
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reached by direct summation. This allows the calculation of water and liquid holdups without 

prior knowledge of pressure gradient which in turn reduce the implicitness of the momentum 

equations. The combined momentum equations for gas and liquid streams and for oil and water 

streams can be respectively written as 

ρC
∂vC
∂t

+ vC
∂vC
∂z

"

#
$

%

&
'−

ρO
∂vOF
∂t

+ vOF
∂vOF
∂z

"

#
$

%

&
'

HWF +HOF( )
−

ρW
∂vWF
∂t

+ vWF
∂vWF
∂z

"

#
$

%

&
'

HWF +HOF( )

−
τOFSOF +τWFSWF
HWF +HOF( )A

+
τ I1SI1
A

1
HOF +HWF

+
1

1−HOF −HWF

"

#
$$

%

&
''

+
τCSC

1−HOF −HWF( )A
−
ρOHOF + ρWHWF
HOF +HWF

− ρC
!

"
##

$

%
&&g sinθ = 0.

  (4-6) 

and 

ρO
∂vOF
∂t

+ vOF
∂vOF
∂z

"

#
$

%

&
'− ρW

∂vWF
∂t

+ vWF
∂vWF
∂z

"

#
$

%

&
'

−
τWFSWF
HWFA

+
τOFSOF −τ I1SI1

HOFA
+
τ I 2SI 2
A

1
HWF

+
1
HOF

!

"
##

$

%
&&− ρW − ρO( )g sinθ = 0.

 (4-7)

 

Following the fully implicit numerical scheme, the combined momentum equations for 

gas and liquid streams and for oil and water streams can be respectively discretized as  
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ρC( ) j
n+1 vC( ) j

n+1
− vC( ) j

n

Δt
+ vC( ) j

n+1 vC( ) j
n+1
− vC( ) j−1

n+1

Δz

!

"

#
#
#

$

%

&
&
&

−

ρW( ) j
n+1 vWF( ) j

n+1
− vWF( ) j

n

Δt
+ vWF( ) j

n+1 vWF( ) j
n+1
− vWF( ) j−1

n+1

Δz

!

"

#
#
#

$

%

&
&
&

HOF +HWF( ) j
n+1

−

ρO( ) j
n+1 vOF( ) j

n+1
− vOF( ) j

n

Δt
+ vOF( ) j

n+1 vOF( ) j
n+1
− vOF( ) j−1

n+1

Δz

!

"

#
#
#

$

%

&
&
&

HOF +HWF( ) j
n+1

−
τOFSOF +τWFSWF
HOF +HWF( )A

+
τ I1SI1
A

1
HOF +HWF

+
1

1−HOF −HWF

"

#
$$

%

&
''

+
τCSC

1−HOF −HWF( )A
−
ρOHOF + ρWHWF
HOF +HWF

− ρC
!

"
##

$

%
&&g sinθ

!

"

#
#
#
#
#

$

%

&
&
&
&
&
j

n+1

= 0

 (4-8) 

and

 

ρO( ) j
n+1 vOF( ) j

n+1
− vOF( ) j

n

Δt
+ vOF( ) j

n+1 vOF( ) j
n+1
− vOF( ) j−1

n+1

Δz

!

"

#
#
#

$

%

&
&
&

− ρW( ) j
n+1 vWF( ) j

n+1
− vWF( ) j

n

Δt
+ vWF( ) j

n+1 vWF( ) j
n+1
− vWF( ) j−1

n+1

Δz

!

"

#
#
#

$

%

&
&
&

−
τWFSWF
HWFA

+
τOFSOF −τ I1SI1

HOFA
+
τ I 2SI 2
A

1
HWF

+
1
HOF

!

"
##

$

%
&&− ρW − ρO( )g sinθ

!

"
#
#

$

%
&
&
j

n+1

= 0.

 (4-9)

 

The calculation steps for every cell in order to confirm the water and liquid holdups are 

as follows: 

1. Start by assuming the values of  HW
n+1

 and HL
n+1. 

2. Calculate vSO
n+1

 from the mass balance equation, Eq. (4-3). 

3. Calculate vSW
n+1

 from the mass balance equation, Eq. (4-4). 
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4. Calculate vSG
n+1

 from the mass balance equation, Eq. (4-5). 

5. Calculate the liquid entrainment fraction FE using the selected closure relationship. 

6. Calculate the gas core velocity vC
n+1 from Eq. (3-7). 

7. Calculate the oil film holdup in gas core HOC
n+1

 from Eq. (3-8). 

8. Calculate the water film holdup in gas core HWC
n+1

 from Eq. (3-9). 

9. Calculate the oil film holdup HOF
n+1

 from Eq. (3-10). 

10. Calculate the water film holdup HWF
n+1

 from Eq. (3-11). 

11. Calculate the local oil velocity vOF
n+1 from Eq. (3-12). 

12. Calculate the local water velocity vWF
n+1 from Eq. (3-13). 

13. The combined momentum equations Eq. (4-8) and Eq. (4-9) are used to confirm the 

assumed next step water and liquid holdups in step 1, and a new iteration should be 

performed until convergence. 

 

4.1.2 Slug Flow with Stratified Film and Slug 
 

For slug flow with stratified film and slug, due to momentum exchange between the film 

and slug regions, extra variables are introduced and consequently more complexity exists. By 

eliminating the void fraction HG and gas core holdup HC due to the holdup restriction, sixteen 

hydrodynamic variables (HO, HW, HOF, HWF, HWGS, αOS, αWS, vSO, vSW, vSG, vOF, vWF, vC, vOS, vWS, 

lf) emerge. The mass conservation equations from the three-layer stratified flow Eq. (4-3), Eq. 

(4-4), and Eq. (4-5) can be used for the average holdup and superficial velocities of the slug unit. 

The mass conservation equations for the oil and water films in the gas-pocket region Eq. (3-18) 

and Eq. (3-19) can be discretized using the same approach described for three-layer stratified 

flow continuity equations as  
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HOF( ) j
n+1
− HOF( ) j

n

Δt
= −

HOF( ) j
n+1
vOF( ) j

n+1
− HOF( ) j−1

n+1
vOF( ) j−1

n+1"
#$

%
&'

Δz

+
1−HWGS( ) 1−αOS( ) vT − vOS( )−HOF vT − vOF( )

lF

!

"
#
#

$

%
&
&
j

n+1  (4-10) 

and 

HWF( ) j
n+1
− HWF( ) j

n

Δt
= −

HWF( ) j
n+1
vWF( ) j

n+1
− HWF( ) j−1

n+1
vWF( ) j−1

n+1"
#$

%
&'

Δz

+
HWGS 1−αWS( ) vT − vWS( )−HWF vT − vWF( )

lF

!

"
#
#

$

%
&
&
j

n+1

.

 (4-11) 

For slug flow with stratified film and slug, five momentum conservation equations are 

present, three for the gas-pocket region and two for the slug body. In the gas pocket region, the 

three momentum equations follow the same formulation for the three-layer stratified flow in 

producing two combined momentum equations. They can also be used to confirm the estimation 

of water and liquid holdups. The combined momentum equations for gas and liquid streams and 

for oil and water streams can be respectively written as 

 

ρC
∂vC
∂t

+ vC
∂vC
∂z

"

#
$

%

&
'−

ρO
∂vOF
∂t

+ vOF
∂vOF
∂z

"

#
$

%

&
'

HOF +HWF( )
−

ρW
∂vWF
∂t

+ vWF
∂vWF
∂z

"

#
$

%

&
'

HOF +HWF( )

+
ρOHOF vT − vOF( ) vOS − vOF( )+ ρWHWF vT − vWF( ) vWS − vWF( )

lF HOF +HWF( )

−
τOFSOF +τWFSWF
HOF +HWF( )A

+
τ I1SI1
A

1
HOF +HWF

+
1

1−HOF −HWF

"

#
$$

%

&
''

+
τCSC

1−HOF −HWF( )A
−
ρOHOF + ρWHWF
HOF +HWF

− ρC
!

"
##

$

%
&&g sinθ = 0

 (4-12) 

and 
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ρO
∂vOF
∂t

+ vOF
∂vOF
∂z

"

#
$

%

&
'− ρW

∂vWF
∂t

+ vWF
∂vWF
∂z

"

#
$

%

&
'

+
ρW vT − vWF( ) vWS − vWF( )− ρO vT − vOF( ) vOS − vOF( )

lF

−
τWFSWF
HWFA

+
τOFSOF −τ I1SI1

HOFA
+
τ I 2SI 2
A

1
HWF

+
1
HOF

!

"
##

$

%
&&− ρW − ρO( )g sinθ = 0.

 (4-13) 

In the slug body region, the gas is dispersed in both oil and water layers and therefore, 

only two momentum equations are present. These two equations are used to produce the third 

combined momentum equation, which is used to estimate the water holdup with entrapped gas in 

the slug body HWGS. The combined momentum equation for the slug body can be obtained as 

 
 

ρOS
∂vOS
∂t

+ vOS
∂vOS
∂z

"

#
$

%

&
'− ρWS

∂vWS
∂t

+ vWS
∂vWS
∂z
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#
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%

&
'
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ρWS vT − vWS( ) vWF − vWS( )− ρOS vT − vOS( ) vOF − vOS( )
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τWSSWS
HWGS A
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τOSSOS
1−HWGS( )A
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τ I 0SI 0
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1
HWGS

+
1

1−HWGS( )
!

"
#
#

$

%
&
&
− ρWS − ρOS( )g sinθ = 0.

  
(4-14) 

The discretized combined momentum conservation equations for gas and liquid streams 

and for oil and water streams in the gas-pocket region can be respectively written as 



 

 60 

ρC( ) j
n+1 vC( ) j

n+1
− vC( ) j

n

Δt
+ vC( ) j

n+1 vC( ) j
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n+1
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 (4-15) 

and  
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(4-16)

 

The discretized combined momentum equation for the slug body can be written as 
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ρOS( ) j
n+1 vOS( ) j
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Δz

"

#

$
$
$

%

&

'
'
'

− ρWS( ) j
n+1 vWS( ) j

n+1
− vWS( ) j

n
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(4-17)

 

The calculation steps are as follows: 

1. Start by assuming the values of HW
n+1, HL

n+1, and HWGS
n+1. 

2. Calculate vSO
n+1

 from the mass balance equation, Eq. (4-3). 

3. Calculate vSW
n+1

 from the mass balance equation, Eq. (4-4). 

4. Calculate vSG
n+1

 from the mass balance equation, Eq. (4-5). 

5. Calculate the slug length ls and the translational velocity vT from steady state correlations. 

6. Calculate HOF
n+1 from the mass balance equation, Eq. (4-10). 

7. Calculate HWF
n+1 from the mass balance equation, Eq. (4-11). 

8. Calculate lF
n+1 by combining Eq. (3-34) and Eq. (3-35). 

9. The five relationships Eq. (3-29), Eq. (3-30), Eq. (3-31), Eq. (3-32), Eq. (3-33) are used to 

determine the five velocities vOF
n+1, vWF

n+1, vC
n+1, vOS

n+1, vWS
n+1 in an iterative procedure.  

10. Update αOS
n+1 and αWS

n+1 from Eq. (3-36). 

11. The three combined momentum equations Eq. (4-15), Eq. (4-16), and Eq. (4-17) are used to 

confirm the three assumed holdups in step 1, and a new iteration should be performed until 

convergence. 
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It should be noted that the gas-volume fraction in oil of the slug body αOS and the gas-

volume fraction in water of the slug body αWS are used initially from the previous time step and 

updated in step 10. 

 

4.1.3 Slug Flow with Stratified Film and Mixed Slug 

For slug flow with stratified film and mixed slug, the oil, water, and gas are all fully 

mixed in the slug body. The oil and water holdups in the slug body can be calculated using the 

no-slip concept (fO and fW) and the oil and water slug velocities can be calculated using the 

mixture velocity vm. Because the mixture velocity and the no-slip holdups are direct functions of 

superficial velocities, the hydrodynamic variables are reduced to twelve (HO, HW, HOF, HWF, HLS, 

vSO, vSW, vSG, vOF, vWF, vC, lf). The discretized mass conservation equations for the oil and water 

streams in the gas-pocket region can be written as 
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and 
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 (4-19) 

Because in this flow pattern the fluids are fully mixed in the slug body, the momentum 

equation for the slug body is neglected. In the gas pocket region, the gas, oil, and water are fully 
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separated and three momentum equations emerge. The same criteria for the slug flow with 

stratified film and slug of creating two-combined momentum equations can be followed but with 

replacing the slug velocities with mixture velocity. The combined momentum equations for gas 

and liquid streams and for oil and water streams can be respectively written as 
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and 
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(4-21) 

The discretized combined momentum conservation equations for gas and liquid streams 

and for oil and water streams in the gas-pocket region can be respectively written as 
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and 
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The calculation steps are as follows: 

1. Start by assuming the values of  HW
n+1

 and HL
n+1. 

2. Calculate vSO
n+1

 from the mass balance equation, Eq. (4-3). 

3. Calculate vSW
n+1

 from the mass balance equation, Eq. (4-4). 

4. Calculate vSG
n+1

 from the mass balance equation, Eq. (4-5). 

5. Calculate vM
n+1

 from Eq. (3-41). 

6. Calculate the slug length ls and the translational velocity vT from steady state correlations. 

7. Calculate HOF
n+1 from the mass balance equation, Eq. (4-18). 

8. Calculate HWF
n+1 from the mass balance equation, Eq. (4-19). 

9. Calculate lF
n+1 by combining Eq. (3-54) and Eq. (3-55). 

10. Calculate vOF
n+1 from Eq. (3-51). 

11. Calculate vWF
n+1 from Eq. (3-52). 

12. Calculate vC
n+1 from Eq. (3-53). 

13. Update HLS
n+1 from Eq. (3-56). 

14. The two combined momentum equations Eq. (4-22) and Eq. (4-23) are used to confirm the 

two assumed holdups in step 1, and a new iteration should be performed until convergence. 

 It should also be noted that the slug liquid holdup HLS is used initially from the previous time 

step and updated in step 13. 

 

4.2. Semi-Transient Solution 

This solution method is considered semi-transient because the holdups are converged by 

using the transient mass conservation equations, while the combined momentum equations are 

used in their steady-state forms. The simplicity of these types of conservation equations allows 
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them to be solved also using implicit finite difference schemes. The solution starts with a guess 

of the next step holdups (HO
n+1 and HW

n+1). The next step superficial velocities can be 

subsequently calculated from the mass conservation equations. The discretized transient mass 

conservation equations for oil, water, and gas can be given, respectively, as 
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and 
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(4-26) 

The space derivative is solved using backward Euler differencing, while the time derivative is 

solved using centered space and forward time differencing. The solutions of the momentum 

equations for the local velocities are in principle implicit solutions. However, in this method, the 

transient and acceleration terms are removed from the momentum equations, which allows them 

to be solved explicitly for the local velocities. The local velocities are distributed in the 

interfacial shear stress τi, friction factor f, and the wall shear stress τW. Because the interfacial 

shear stress and friction factor are very weak functions of local velocity, the convergence is 

performed explicitly by using the one in the wall shear stress. All the local velocity values are 

then updated in the next iteration. This explicit convergence allows faster simulation without 

sacrificing result accuracy. Although the momentum conservation equations are solved 
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explicitly, the numerical scheme can be considered implicit, in the sense that all the 

hydrodynamic variables are calculated based on the next time step holdups and superficial 

velocities. During the combined momentum equations’ convergence, the holdups for each flow 

pattern can be determined from the following relations:  

• Three-layer stratified flow: 

HW =
vSW
vWF

  (4-27) 

HO =
vSO
vOF

 (4-28) 

• Slug flow with stratified film and slug: 

HO = 1−HWGS( ) 1−αOS( ) vT − vOS( )+ vSO!
"

#
$ / vT

 

 (4-29)

HW = 1−HWGS( ) 1−αWS( ) vT − vWS( )+ vSW!
"

#
$ / vT  (4-30) 

• Slug flow with stratified film and mixed slug:  

HO = fOHLS vT − vM( )+ vSO!
"

#
$ / vT

 

 (4-31) 

HW = fWHLS vT − vM( )+ vSW!
"

#
$ / vT

 

 (4-32) 

Finally, compare the assumed and calculated values of holdups, and if no convergence is 

reached, update them and repeat the previous steps. It should be noted that the solution algorithm 

is based on a double iteration method. The assumed values of holdups are used only to estimate 

the next time step superficial velocities in outer loop iteration. The inner loop iteration is used to 

solve the combined momentum equations based on the estimated superficial velocities, whereas 

the holdups are modified internally using the above relationships.      
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CHAPTER 5 

MODEL VERIFICATIONS 
 
 
 

In this chapter, the newly developed three-phase models are tested with different 

production setups. Large-scale validations have been performed to ensure the accuracy and 

stability of the new simulator. Two different three-phase flow patterns and a special case of low 

liquid loading are used to verify the steady-state part of the code. Three-phase flow pattern maps 

are used to confirm the smoothness and accuracy of the flow pattern transitions. Four different 

transient phenomena including steady-state perturbation, severe slugging in pipeline-riser 

system, gas-lift instabilities, and severe slugging in horizontal wells are used to validate the 

transient calculations of the new model. Validating the results against experimental or field data 

as a benchmark is essential but in the absence of such data, results from widely used simulators 

such as OLGA can be considered as a good touchstone. The new simulator predictions are 

compared with OLGA for the three-phase steady-state flow, the transient behavior of steady-

state perturbation, gas-lift instabilities, and severe slugging in horizontal wells. Experimental 

results by Karami (2015) were used for the verifications of three-phase flow low liquid loading. 

Three-phase flow pattern maps for different water cuts were generated and compared with the 

experimental results of Keskin et al. (2007). Full analyses for three-phase severe slugging in 

pipeline-riser system have been conducted and the results were compared with Beltran (2005). 
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5.1 Steady-State Flow  

The new transient hydrodynamic model for gas-oil-water pipe flow is first tested for the 

new flow patterns in which the flows are expected to be stable and in a steady state. The results 

are compared with the commercial simulator OLGA. The liquid holdups and pressure drops are 

calculated for different flow conditions and water cuts. The input data used to define the flows 

are listed in Tables A-1 and A-2 for three-layer stratified flow and slug flow with stratified film 

and slug, respectively. 

For three-layer stratified flow in a straight horizontal pipe, the superficial liquid velocity 

is set as 0.01 m/s with water cut 40% and the superficial gas velocities range from 0.1 to 2.5 m/s. 

In Figure 5-1, the pressure drops from the new model match the prediction of the OLGA 

simulator. At constant liquid velocity, when the gas velocity increases, the pressure drop 

increases due to increasing of the wall shear stresses. However, the liquid and water holdups 

decrease with increasing gas velocity. They are plotted in Figure 5-2 and agree with the 

predictions of the OLGA simulator. The increase in gas flow rate creates stronger wave structure 

at the interface and increases the interfacial shear stress, which leads to a drop in the liquid level, 

accelerating the liquid phase velocity, and thereby decreasing the water and liquid holdups. In 

the new simulator, the holdups are converged, and the pressures are calculated afterwards. 

Therefore, if the holdup calculations between the newly developed models and the OLGA 

simulator are identical and the deviation exists only in the pressures, this means that the 

difference arises from using different closure relationships for calculating the shear stresses.  
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Figure 5-1: Pressure Drop Comparison with OLGA for Three-Layer Stratified Flow  

(WC = 40%) 
 

 
Figure 5-2: Holdups Comparison with OLGA for Three-Layer Stratified Flow 

(WC = 40%) 
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The second comparison is made by increasing the water cut to 80%. The pressure drops 

and water and liquid holdups are plotted in Figure 5-3 and Figure 5-4, respectively. The pressure 

gradients corresponding to 40% and 80% water cuts are close but the liquid holdups decrease 

with the increase in water cut. The three-layer stratified flow corresponds to relatively low gas 

and liquid flow rates. Therefore, the three phases are fully separated and no liquid is entrained in 

the gas layer. When the liquids are completely separated, the mixture viscosity has a linear 

effect. For this simulation setup, the viscosity of oil is much higher than that of water. Therefore, 

when the water cut increases, the mixture viscosity decreases. The increase in fluid viscosity 

increases the frictional pressure gradient, which is the dominant force in the horizontal pipeline, 

and leads to increased liquid holdup in the pipe. 

 

  
Figure 5-3: Pressure Drop Comparison with OLGA for Three-Layer Stratified Flow  

(WC = 80%) 
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Figure 5-4: Holdups Comparison with OLGA for Three-Layer Stratified Flow 

(WC = 80%) 
 

The slug flow with stratified film and slug is the transitional flow pattern between the 

three-layer stratified flow and the slug flow with fully mixed oil and water. This flow pattern is 

divided into two regions: film region and slug region. The film region is similar to the three-layer 

stratified flow, while the slug region contains two stratified layers of oil and water with 

dispersion of gas. In order to achieve this flow pattern, the liquid superficial velocity is increased 

from 0.01 m/s to 0.2 m/s. The gas superficial velocities range from 0.1 to 0.5 m/s. The pressure 

drop and liquid holdup results for the 40% and 60% water cuts are compared with the OLGA 

simulation results. The pressure drops and holdups for 40% water cut are plotted in Figure 5-5 

and Figure 5-6 respectively, while Figure 5-7 and Figure 5-8 display the same variables for the 

60% water cut. The increase in liquid flow rate for this flow pattern increases the pressure 

gradient significantly from maximum 8 Pa/m for three-layer stratified flow to 50 Pa/m for slug 

flow with stratified film and slug. A similar decrease in liquid holdup with increase in water cut 
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is also noticed for this flow pattern. For slug flow with stratified film and slug, the oil and water 

are fully separated in the gas pocket region and slug body region. Therefore, the linear mixture 

viscosity effect is still valid and explains the similar water cut and holdup relationships.   

  
Figure 5-5: Pressure Drop Comparison with OLGA for Slug Flow with Stratified Film and 

Slug (WC = 40%) 
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Figure 5-6: Holdups Comparison with OLGA for Slug Flow with Stratified Film and Slug 

(WC = 40%) 
 

  
Figure 5-7: Pressure Drop Comparison with OLGA for Slug Flow with Stratified Film and 

Slug (WC = 60%) 
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Figure 5-8: Holdups Comparison with OLGA for Slug Flow with Stratified Film and Slug 

(WC = 60%) 
 
 
 

5.2 Low Liquid Loading  

Low liquid loading flow is classified with high gas and low liquid flow rates. The small 

amount of liquid may have significant impact on the liquid holdups and pressure drops as well as 

flow issuance issues. Karami (2015) performed extensive experiments on three-phase low liquid 

loading in horizontal pipelines. The flow conditions have been used in the new model validation 

and they are listed in Table A-3. The liquid superficial velocity is set as 1 m/s, while the 

superficial gas velocity ranges from 9.5 to 22.5 m/s. The pressure drop results for the water cuts 

at 20%, 40%, 60%, and 80% are plotted in Figures 5-9, 5-10, 5-11, and 5-12, respectively. When 

the gas flow rate increases, the liquid film thickness decreases, and therefore the liquid film 

velocity increases. Both of these high velocities tend to increase the wall shear stress leading to 

an increase in the pressure gradient. Both liquid and water holdups are decreased and the results 
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for the water cuts at 20%, 40%, 60%, and 80% are plotted in Figures 5-13, 5-14, 5-15, and 5-16, 

respectively. 

   
Figure 5-9: Pressure Drop Comparison with Karami (2015) for Low Liquid Loading  

(WC = 20%) 
 



 

 77 

   
Figure 5-10: Holdups Comparison with Karami (2015) for Low Liquid Loading  

(WC = 20%) 
 

   
Figure 5-11: Pressure Drop Comparison with Karami (2015) for Low Liquid Loading  

(WC = 40%) 
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Figure 5-12: Holdups Comparison with Karami (2015) for Low Liquid Loading 

(WC = 40%) 
 

   
Figure 5-13: Pressure Drop Comparison with Karami (2015) for Low Liquid Loading  

(WC = 60%) 
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Figure 5-14: Holdups Comparison with Karami (2015) for Low Liquid Loading 

(WC = 60%) 
 

   
Figure 5-15: Pressure Drop Comparison with Karami (2015) for Low Liquid Loading  

(WC = 80%) 
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Figure 5-16: Holdups Comparison with Karami (2015) for Low Liquid Loading 

(WC = 80%) 
 

Initially, the pressure drop and holdup simulation results agree well with the experimental 

results only for gas superficial velocity less than 12.5 m/s. At higher gas superficial velocity, the 

new model always over-predicts the pressure gradient and underestimates the water and liquid 

holdups. With the increase in gas flow rates, the interfacial wave structure becomes stronger and 

the effect of interfacial shear stress becomes more important. The Andritsos and Hanratty (1987) 

correlation for interfacial friction factor was developed for stratified flow assuming flat interface. 

Zhang (2001) modified the correlation for concave interface to be applicable at high gas flow 

rates or high inclination angles. The modified correlation is used in the new model for the three-

layer stratified flow and the film region of the slug flow with stratified film and slug and shows 

positive results. For low liquid loading, the correlation provides very good predictions up to 12.5 

m/s superficial gas velocity and overestimates after that. The modified correlation is replaced by 

Fan (2005) correlation developed for low liquid loading at high superficial gas velocity and the 
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predictions are improved significantly. This shows the importance of selecting the proper steady-

state correlation to be used in the model particularly in special cases like low liquid loading.  

Unlike the three-layer stratified flow, the high gas flow rate in the low liquid loading 

increases the liquid film velocity and promotes the dispersion between the oil and water. When 

the liquids flow in the dispersed phase, the mixture viscosity is not linear anymore and the water 

cut effect on the liquid holdup is different from the previous case. For fully dispersed oil and 

water, the effective viscosity is calculated using Brinkman’s (1952) correlation given in Eq. (3-

64). The approximate trends of the Brinkman (1952) equation are shown in Figure 5-17. 

   

Figure 5-17: Estimated Effective Viscosity for Water/Oil Emulsion 
 

In case of higher oil viscosity than water, the effective viscosity increases with an 

increase in the water cut until it reaches the inversion point with the maximum value. The 

effective viscosity then decreases until it reaches the water viscosity as the minimum viscosity in 
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the system. Because in horizontal pipeline, the mixture viscosity is a primary contributing factor 

to the pressure drop and holdup, the liquid holdup in the system follows the trend of increasing 

effective viscosity until the inversion point and then changes trend with decreasing effective 

viscosity until 100% water cut. The new liquid holdup trend can be seen clearly in the results of 

the new model and Karami (2015) measurement.  

 

5.3 Flow Pattern Maps  

In horizontal pipeline, the four significant flow patterns observed are the three-layer 

stratified flow, stratified (or annular) flow with fully mixed oil and water, slug flow with 

stratified film and slug, and slug flow with fully mixed oil and water. Keskin et al. (2007) 

conducted experiments and created flow pattern maps for different water cuts. These four flow 

patterns were observed and identified widely throughout the experiments. In this section, flow 

pattern maps are developed using the new model and compared with the experimental maps. The 

pipeline setup and flow conditions are listed in Table A-4. The flow pattern map for 20% water 

cut is shown in Figure 5-18. A good comparison has been obtained between the experimental 

map and the simulation results. For low liquid and gas flow rates, the flow pattern is three-layer 

stratified flow. If the gas flow rate increases at low liquid flow rate, the high gas rate will 

accelerate the liquid film and therefore promote a mixing of the liquids. The flow pattern 

subsequently becomes stratified flow with fully mixed oil and water. At low gas flow rate, if the 

liquid flow rate increases, the liquid will have the tendency to disperse some gases and the flow 

pattern becomes slug flow with stratified film and slug. If the liquid flow rate increases further, 

the liquid in the film and slug regions mix fully and the flow pattern becomes slug flow with 

fully mixed oil and water.  
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Figure 5-18: Model Predicted Flow Patterns Compared with Keskin et al. (2007)  
(WC = 20%) 

 
The flow pattern map comparison for water cut 40% is shown in Figure 5-19. With 

higher water cut, a greater flow rate is required to disperse the heavier water layer. Therefore, the 

three-layer stratified flow and the slug flow with stratified film and slug margins are extended in 

the expanse of the slug flow with fully mixed oil and water and stratified flow with fully mixed 

oil and water. Furthermore, a new flow pattern, slug flow with stratified film and mixed slug, 

appears in a small margin. In the slug body, liquid dispersion occurs earlier than in the film 

region due to higher turbulence. Therefore, the appearance of this transitional flow pattern due to 

the increase in water cut is not surprising. 
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Figure 5-19: Model Predicted Flow Patterns Compared with Keskin et al. (2007)  
(WC = 40%) 

   
Then, the water cut is increased to 60% and the flow pattern comparison is shown in 

Figure 5-20. The stratified flow with fully mixed oil and water region is expanded. This is 

because water can disperse oil easier than the alternative. Moreover, the tendency for the liquid 

to disperse the gas reduces the stratified margin and increases the tendency of the slug flow with 

stratified film and slug and slug flow with fully mixed oil and water. 
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Figure 5-20: Model Predicted Flow Patterns Compared with Keskin et al. (2007)  
(WC = 60%) 

 
 
 

5.4 Steady-State Perturbation  
 

A sudden perturbation of steady-state flow by a change in flow rates is the most common 

transient phenomenon in the oil industry. This change can affect the pressure and liquid holdup 

distribution as functions of space and time and can introduce a transient flow. The transient flow 

simulation results from OLGA are used to verify the calculations with the newly developed 

transient model. Two types of transient flow conditions are used with different boundary 

conditions. A sensitivity analysis on the effect of cell length and time steps on the simulation 

results is also performed. The validations are based on a single pipeline with a 0.0508 m inner 

diameter and a length of 15 m. The outlet or separator pressure is set to 2 bara and different 

inclination angles are used.    
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5.4.1 Water Buildup 

 The first transient case commences with a water buildup by sudden increase in water 

flow rate. This change in water flow rate occurs frequently in pipelines and wellbores. The rapid 

increase in water flow rate to a flow that is already in a steady-state condition can induce 

temporary slugging with an increase in pressure drop. The initial condition for the steady-state 

flow is set as 1.0 m/s gas superficial velocity, 0.01 m/s oil superficial velocity, and 0.01 m/s 

water superficial velocity. The transient phenomena are induced at t = 1 sec by increasing the 

inlet water superficial velocity suddenly to 1 m/s and by keeping the inlet gas and oil superficial 

velocities and the separator pressure unchanged.  

The results of the current model simulations and OLGA simulations for the inclinations 

0o, 30o, 60o, and 90o are shown in Figures 5-21, 5-22, 5-23, and 5-24 respectively. The 

comparison is for the outlet superficial velocities, which clearly indicates a high fluctuation due 

to the intense slugging following the sudden increase in water flow rate. The gas, oil, and water 

outlet superficial velocities all increased following the sudden increase in the inlet water flow 

rate into the system. The effect on gas is much more than on oil and water due to the high 

compressibility of gas. After the initial increase, gas and oil then decrease to their original values 

and water keeps increasing until they all finally stabilize. The simulation predictions for the 

inclinations 30o, 60o, and 90o agree well with the OLGA results in terms of the increase in the 

velocities and the stabilization time. For horizontal flow, the new model underestimates the 

initial increase of the gas flow rate while agreeing very well with the stabilization time. Due to 

the higher gravitational forces, the pressure gradient is increased with the increase of the 

inclination angle. Therefore, it should take more time to stabilize the flow. However, other 

factors also play important roles throughout the stabilization process. For example, due to the 

diminishing effect of gravitational forces for the horizontal pipeline, the water buildup 
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perturbation meets less resistance and hence creates higher tendency for the gas flow rate initial 

increase. Therefore, the flow pattern changes from slug to stratified flow and return to slug 

shortly after. These transitions in flow patterns slow down the overall process by taking longer 

time for the new flow pattern to be fully developed and, henceforth, overcome the inclination 

effect. The flow pattern for upward 30o remains as slug flow during and after the transient 

process. For upward 60o and vertical flows, the flow pattern starts as slug flow for the entire 

pipeline. After the buildup, the local pressure in the lower section increases and hence decreases 

the gas velocity. Consequently, the flow pattern in the lower section becomes a dispersed bubble 

flow while the upper section remains as slug flow. This transition does not noticeably affect the 

stabilization time and, therefore, the horizontal flow still stabilizes within the same time range of 

the upward inclined and vertical flows.   

 

Figure 5-21: Water Buildup Comparison with OLGA for 0o Inclination 
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Figure 5-22: Water Buildup Comparison with OLGA for 30o Inclination 
 
 

 
 

Figure 5-23: Water Buildup Comparison with OLGA for 60o Inclination 
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Figure 5-24: Water Buildup Comparison with OLGA for 90o Inclination 
 

5.4.2 Water Depletion 

Water decrease or depletion occurs when a three-phase flow reduces to a nearly two-

phase flow by decreasing the water flow rate. The initial steady-state three-phase flow condition 

is given by 1.0 m/s gas superficial velocity, 0.01 m/s oil superficial velocity, and 1.0 m/s water 

superficial velocity. The water depletion process is initiated at t = 1 sec by simply decreasing the 

inlet water superficial velocity to 0.01 m/s, while the gas and oil superficial velocities are kept 

constant.  

The outlet superficial velocities from the transient model simulations and OLGA 

simulations for inclination angles 0o, 30o, 60o, and 90o are presented in Figures 5-25, 5-26, 5-27, 

and 5-28, respectively. From these curves, the time it takes for the water to be completely 

displaced from the pipeline can be determined. The OLGA simulations and the new transient 
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model results are in agreement for the upward and vertical cases. However, OLGA predicts that 

the gas reaches negative values during the reduction period, which is physically not possible for 

the horizontal pipeline flow. This is primarily due to numerical error and will be explained in 

detail in the sensitivity analysis section. Following the decrease in water superficial velocity, 

steep gas, oil, and water velocity reductions are observed before they readjust to their new 

values. The flow pattern effect also slowed down the stabilization process for the water depletion 

case in horizontal flow. Due to the sudden decrease in gas and oil flow rates, the flow pattern 

changes from slug to stratified flow and ultimately returns to slug after the complete 

readjustments. For 30o upward flow, the flow pattern starts and remains slug flow throughout the 

transient process. For both 60o upward and the vertical flows, the flow patterns change from slug 

flow with dispersed bubble in the lower section of the pipe to fully slug flow with minor effect 

on the stabilization time. 

 

Figure 5-25: Water Depletion Comparison with OLGA for 0o Inclination 
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Figure 5-26: Water Depletion Comparison with OLGA for 30o Inclination 
 

 

Figure 5-27: Water Depletion Comparison with OLGA for 60o Inclination 
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Figure 5-28: Water Depletion Comparison with OLGA for 90o Inclination 

 

5.4.3 Sensitivity Analysis of Spatial and Time Discretization 

The choices of cell length and time steps are extremely important for better numerical 

convergence and accuracy. Most of the multiphase transient simulators are restricted by the 

Courant-Friedrichs-Lewy (CFL) stability criterion. For implicit finite difference scheme, it can 

be expressed mathematically as 

Δt ≤min∀j Δz / v j{ },
 

 (5-1) 

where vj is the velocity across each cell. To verify the spatial discretization effect, three different 

cell lengths are tried (Δz = 1 m, Δz = 3 m, and Δz = 5 m) while fixing the time steps to 0.5 

seconds. The effect of cell length appears to be the same for all the inclination angles. Therefore, 

only the 30o inclination angle is displayed for the water buildup case to avoid redundancy. The 
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outlet superficial velocities from the new model and OLGA simulations for water buildup, 30o 

inclination angle, and cell lengths of 1 m, 3 m, and 5 m are presented in Figures 5-29, 5-30, and 

5-31, respectively. 

 
 

Figure 5-29: Water Buildup Comparison with OLGA for 30o Inclination and Δz = 1 m  
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Figure 5-30: Water Buildup Comparison with OLGA for 30o Inclination and Δz = 3 m  
 

 
 

Figure 5-31: Water Buildup Comparison with OLGA for 30o Inclination and Δz = 5 m  
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In OLGA simulations with longer spacing, it takes longer for the flow to readjust to a 

steady state again while the new model shows less effect. For the smallest cell length (Δz = 1 m), 

the CFL condition is not met and the new model shows different behavior than the other bigger 

spacing while OLGA does not converge. Due to the failure of achieving a stable flow using the 

initially specified length and time steps in OLGA, dynamic time steps were used for OLGA 

predictions in Figure 5-29. For bigger cell lengths (Δz = 3 m and Δz = 5 m), the CFL condition is 

met and both the new model and OLGA predict stable and similar results.   

Then, the cell length effect is evaluated for the water depletion case. In this instance, the 

90o inclination angle is chosen for the test and comparison. The outlet superficial velocities from 

the new model and OLGA simulations for cell lengths of 1 m, 3 m, and 5 m are presented in 

Figures 5-32, 5-33, and 5-34, respectively. 

 

Figure 5-32: Water Depletion Comparison with OLGA for 90o Inclination and Δz = 1 m 



 

 96 

 

Figure 5-33: Water Depletion Comparison with OLGA for 90o Inclination and Δz = 3 m  

 

Figure 5-34: Water Depletion Comparison with OLGA for 90o Inclination and Δz = 5 m  
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The results for the water buildup case are similar to that of the water depletion. The time 

it takes for the flow to stabilize in OLGA simulations increases with increasing cell length. The 

CFL condition is met for all the cases and both the new model and OLGA display the most stable 

and realistic results when the minimum cell length (Δz = 1 m) is used. 

Time discretization represented by time steps also play a very important role during the 

transient process. According to the CFL criterion, for the water buildup case with 30o inclination 

angle and 3 m cell length, the time step should be less than 2.5 seconds. For all the previous 

OLGA simulations, dynamic time steps were used ranging from 0.1 to 5.0 seconds while a fixed 

time step of 0.5 seconds is used in the new model. The time step range used by OLGA for the 

water buildup case with 30o inclination angle is shown in Figure 5-35. 

 

Figure 5-35: OLGA Time Step Change for Water Buildup, 30o Inclination and Δz = 3 m 

In the water buildup OLGA simulation, the time step is dynamically changed from 0.1 

seconds to 1.16 seconds. In order to compare with the new model, the time step in OLGA 

simulation is changed from dynamic to static and three different time steps are chosen (Δt = 0.2 

sec, Δt = 0.5 sec, and Δt = 1.0 sec) to cover the range used by OLGA during the transient 

process. The outlet superficial velocities from the new model and OLGA simulations for water 
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buildup, 30o inclination angle, and time steps 0.2 sec, 0.5 sec, and 1 sec are presented in Figures 

5-36, 5-37, and 5-38, respectively. 

 
 

Figure 5-36: Water Buildup Comparison with OLGA for 30o Inclination and Δt = 0.2 sec  
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Figure 5-37: Water Buildup Comparison with OLGA for 30o Inclination and Δt = 0.5 sec  
 

 
 

Figure 5-38: Water Buildup Comparison with OLGA for 30o Inclination and Δt = 1.0 sec  
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The new model and OLGA simulation results are not significantly affected by the change 

in time steps for the water buildup case. The time steps used are far below the CFL restriction 

and therefore they have no major effect on the numerical integrity.   

The time step change in OLGA simulation for water depletion and 90o inclination angle 

is displayed in Figure 5-39. 

 

Figure 5-39: OLGA Time Step Change for Water Depletion, 90o Inclination and Δz = 1 m 

OLGA used longer time steps for the water depletion case with a minimum 0.1 of 

seconds and maximum of 1.28 seconds. The CFL condition shows that the maximum time step 

to be used for the water depletion with 90o inclination angle is 1 second. It is fair then to use the 

same previous time steps in the water buildup case to investigate the water depletion one (Δt = 

0.2 sec, Δt = 0.5 sec, and Δt = 1.0 sec). The outlet superficial velocities from the new model and 

OLGA simulations for water depletion, 90o inclination angle, and time steps of 0.2 sec, 0.5 sec, 

and 1 sec are presented in Figures 5-40, 5-41, and 5-42, respectively. 
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Figure 5-40: Water Depletion Comparison with OLGA for 90o Inclination and Δt = 0.2 sec  
 
 

 
 

Figure 5-41: Water Depletion Comparison with OLGA for 90o Inclination and Δt = 0.5 sec  
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Figure 5-42: Water Depletion Comparison with OLGA for 90o Inclination and Δt = 1.0 sec  
 

The new model results agree well with OLGA when small time steps are used (Δt = 0.2 

sec and Δt = 0.5). When time step increased to 1 second, the CFL condition is not met and 

OLGA failed to converge. The new model, however, converged well and produced stable results 

with good accuracy. Unlike OLGA semi-implicit formulation, the implicit discretization and 

solution of the new model allows the use of large time step.  

 

5.5 Severe Slugging in Pipeline-Riser System 

Severe slugging is a terrain-dominated phenomenon, characterized by the formation and 

cyclical production of long liquid slugs and fast gas blowout. As described in the introduction, 

each cycle of severe slugging contains four stages: slug formation, slug production, blowout, and 

liquid fallback. For better understanding of the phenomenon, the new model is used to analyze 

detailed transient responses of several variables. These variables are the pressure at the bottom of 
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the riser and the reverse liquid penetration length at the pipeline end (Figure 5-43), the void 

fraction at the bottom and top of the riser (Figure 5-44), gas superficial velocity at the bottom 

and top of the riser (Figure 5-45), and the liquid superficial velocity at the bottom and top of the 

riser (Figure 5-46).    

 

 
Figure 5-43: Transient Responses of Pressure at the Bottom of the Riser and Liquid 

Penetration Length at Pipeline End during Severe Slugging 
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Figure 5-44: Transient Responses of Void Fractions at the Bottom and Top of the Riser 
during Severe Slugging 

 
 

 
 

Figure 5-45: Transient Responses of Gas Superficial Velocities at the Bottom and Top of 
the Riser during Severe Slugging 
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Figure 5-46: Transient Responses of Liquid Superficial Velocities at the Bottom and Top of 
the Riser during Severe Slugging 

 
Prior to the slug formation stage, the intense blowout of gas into the riser rapidly depletes 

the pressured gas in the pipeline. Therefore, the slug formation stage starts with liquid blockage 

at the bottom of the riser, which leads to a sharp decrease in gas superficial velocity and void 

fraction at the bottom of the riser. Due to the incompressibility of liquid and the blockage at the 

bottom elbow, the superficial liquid velocity remains almost the same at the bottom of the riser 

and close to the inlet rate. At the top of the riser, because the blowout stage dissipates and 

produces most of the buildup liquid in the riser, the liquid decreases sharply to the point of 

falling back which reflects a negative value as indicated in Figure 5-46. As there is liquid supply 

at the bottom of the riser, the liquid level further increases and the liquid column in the riser 

becomes higher. The pressure at the riser base increases until it reaches the maximum value 

when the riser is filled with liquid. The liquid penetration back in the pipeline helps balance the 

pressure increase due to the liquid column buildup in the riser.  
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The riser now is filled with liquid and the liquid penetration fills a portion of the pipeline. 

As gas keeps flowing into the pipeline, the compressed gas pressure increases. The slug 

production stage starts when the liquid in the pipeline is pushed and only liquid is produced from 

the riser. The gas superficial velocity and void fraction at the riser stay at their minimum values, 

zero in most cases, while the pressure at the riser base remains constant corresponding to the 

static head of the liquid.  

When the liquid front in the pipeline reaches the bottom of the riser, the blowout stage 

starts. The gas bubbles penetrate the riser, and the column becomes lighter which promotes gas 

flow. During this stage, the liquid and gas superficial velocities sharply increase and the void 

fraction distribution in the riser becomes very high, making the pressure at the bottom of the riser 

reach to its minimum. Due to the compressibility effect, the gas superficial velocity at the top of 

the riser is higher than that at the bottom. Because the gas is penetrating the riser, the liquid 

penetration length is zero. These behaviors can be clearly observed in the above figures 

numbered as the third stage. The blowout and fallback stages are combined into one stage.  

Beltran (2005) investigated the three-phase gas-oil-water severe slugging phenomenon 

and presented a wide range of experimental results. In his study, an extensive range of gas and 

liquid superficial velocities are used for three different downward inclination angles for the 

pipeline and multiple water cuts. The new model in this study is validated using these sets of 

data. The experimental facility schematic used by Beltran (2005) is shown in Figure 5-47. 
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Figure 5-47: Beltran (2005) Experimental Facility Schematic 
 

The facility consists of a 65-ft pipeline followed by a 48-ft riser, and the inner diameter 

of the pipe is 3 in. In order to achieve a full severe slugging cycle, the pipeline should be long for 

the gas to be pressurized and decompressed. Therefore, an additional expansion volume tank is 

added to increase the effective pipeline length to 290 ft. This extra length is used only for the gas 

stream and therefore, increases the time to gain pressure significantly. The option of an 

additional effective length is incorporated into the code for future uses. The fluids used in the 

experiments were air, mineral oil, and water. The API gravity of the mineral oil is 33.7o and the 

viscosity is 14.6 cP. The gas and liquid superficial velocities varied from 0.1 to 3.0 m/s and 0.1 

to 2.0 m/s respectively. The separator pressure was set at 12 psig for all cases. Three inclination 

angles for the pipeline were studied: -1o, -3o, and -5o with the -1o as the base angle with more 

detailed experimental results. The water cuts used were 0%, 20%, 40%, 60%, 80%, and 100%. 

The flow pattern in the pipeline was maintained as stratified flow for the entire experiment to 
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ensure the existence of severe slugging. The pressure at the bottom of the riser and the severe 

slugging cycle time are used primarily throughout the comparisons.  

 

5.5.1 Effect of Water Cut on Severe Slugging 

The comparison of the transient model against the experimental tests for superficial gas 

and liquid velocities of 0.4 m/s and -1o inclination angle at water cuts of 20%, 40%, 60%, and 

100% are shown in Figures 5-48, 5-49, 5-50, and 5-51, respectively. 

 
 

Figure 5-48: Severe Slugging Comparison with Beltran (2005) for vSG = 0.4 m/s, vSL = 0.4 
m/s, θ = -1o, and WC = 20% 
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Figure 5-49: Severe Slugging Comparison with Beltran (2005) for vSG = 0.4 m/s, vSL = 0.4 
m/s, θ = -1o, and WC = 40% 

 
 

Figure 5-50: Severe Slugging Comparison with Beltran (2005) for vSG = 0.4 m/s, vSL = 0.4 
m/s, θ = -1o, and WC = 60% 
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Figure 5-51: Severe Slugging Comparison with Beltran (2005) for vSG = 0.4 m/s, vSL = 0.4 
m/s, θ = -1o, and WC = 100% 

 
The transient model agrees well with the experimental results for the pressure difference 

between the minimum and maximum pipeline pressure. Moreover, the predicted severe slugging 

periods match the experimental results. Several previous studies developed their slugging models 

based on one-dimensional gravity-dominant flow. This study considers the frictional components 

of the momentum equation and most importantly captures efficiently the fallback of the liquid 

after the blowout stage which significantly supports the accurate predictions illustrated above. 

From the previous figures, it can be concluded that the severe slugging period is highly affected 

by the water cut. When the water cut increases, the mixture density of the liquid increases and 

therefore, higher mass flow rate is required to overcome the heavier column. The low mass flow 

rate needs longer time to create the required pressurized gas for the heavier liquid column and 

this results in a longer severe slugging cycle. A detailed demonstration of this behavior is 

achieved using the new model and is displayed in Figure 5-52. With a fixed superficial liquid 



 

 111 

velocity, it can be seen clearly that the period increases as the water cut increases at any 

superficial gas velocity. It can also be observed that the severe slugging period declines 

exponentially with the increase in the superficial gas velocity. 

 
 

Figure 5-52: Severe Slugging Period for vSL = 0.2 m/s, θ = -1o, and Different Water Cuts 

 

5.5.2 Effect of Inclination Angle on Severe Slugging 

The comparison of the transient model against the experimental tests for superficial gas 

and liquid velocities of 0.4 m/s and 20% water cut at inclination angles -3o and -5o are shown in 

Figures 5-53 and 5-54, respectively.  
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Figure 5-53: Severe Slugging Comparison with Beltran (2005) for vSG = 0.4 m/s, vSL = 0.4 
m/s, θ = -3o, and WC = 20% 

 

 

Figure 5-54: Severe Slugging Comparison with Beltran (2005) for vSG = 0.4 m/s, vSL = 0.4 
m/s, θ = -5o, and WC = 20% 
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The severe slugging cycle time increases with the increase of the downward angle and the 

transient model adjusts well with this effect. In two-phase flow, when the downward inclination 

angle increases, the liquid tends to accumulate at the elbow and penetrate into the pipeline. The 

compressed gas in turn needs longer time to overcome the higher buildup pressure and the longer 

liquid in the pipeline. For three-phase flow, another unique behavior is observed and increases 

the severe slugging period even further. During the slug formation stage, the increase of 

downward angle promotes water penetration into the pipeline while blocking the oil from 

entering the riser. Hence, the water fraction in the riser increases which requires higher pipeline 

pressure buildup and therefore a longer cycle. Another reason is that when the accumulated oil 

starts to penetrate the accumulated water in the riser during the slug production and blowout 

stages, the oil fraction may even become higher than the inlet oil fraction. This oil blowout tends 

to dissipate a higher amount of oil and increases the tendency of higher water fraction in the riser 

at a later stage.  

 

5.5.3 Effect of Three-Phase on Severe Slugging 

During the blowout stage, the oil penetrates the column of water in the riser first in the 

forms of droplets, followed by the gas blowout. Therefore, the use of two-phase gas-liquid 

modeling approximation of the fully mixed liquid in the riser during this stage is reasonable. 

However, during the slug formation stage, the oil and water are separated in the riser and 

therefore the use of the mixture approximation approach may lead to inaccurate results. 

Moreover, the downward stratified flow in the pipeline needs special consideration. The 

condition of creating a stratified flow with mixed liquids requires either high liquid or high gas 

flow rate. Because severe slugging occurs only with low inlet flow rates, the three-layer stratified 
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flow becomes the dominant flow regime in the downward pipeline. The three-layer stratified 

flow model developed in this study is used for the downward calculations and the results are 

compared with the two-phase flow model approximation. The pressure behavior for severe 

slugging using the two-phase modeling approximation for superficial gas and liquid velocities of 

0.4 m/s and 60% water cut at inclination angles of -1o is shown in Figures 5-55.  

 
 

Figure 5-55: Severe Slugging Comparison with Beltran (2005) for vSG = 0.4 m/s, vSL = 0.4 
m/s, θ = -1o, WC = 20%, and Using Two-Phase Flow Modeling 

 
In comparison with Figure 5-48 developed using the three-phase modeling, the two-phase 

approximation predicts a shorter severe slugging period. The fully mixed approximation between 

the oil and water decreases the overall slippage in the system. This results in lower liquid holdup 

in the pipeline and lower liquid accumulation in the elbow, which in return requires less time for 

the gas to overcome the liquid buildup pressure in the riser. The three-layer stratified flow model 

considers two slippages, between the gas and oil layers and between the oil and water layers, and 
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therefore, leads to a higher holdup in the pipeline. This obviously impacts the severe slugging 

cycle with a longer period. 

 

5.5.4 Severe Slugging Stability   

In order to achieve a fully stable flow in the geometry of downward pipeline followed by 

an upward riser, the gas should penetrate the riser continuously and a stable pressure in the 

pipeline should be achieved. The flow is considered a partially stable when the gas is 

continuously penetrating the riser but is not sufficient to maintain a stable pressure in the 

pipeline. In this scenario, there is still some gas accumulation in the pipeline, which in return 

creates less severe cyclic behavior. Using the new model, the inlet gas flow rate is increased 

gradually and the pressure behavior in the pipeline is analyzed. For this severe slugging case, the 

results from the new model and Beltran (2005) are also compared with the predictions from the 

OLGA simulator. Using the same inputs of Figure 5-34 with 20% water cut and -1o inclination 

angle, the superficial gas velocity is increased from 0.4 m/s to 0.8 m/s and the results are 

displayed in Figure 5-56.  
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Figure 5-56: Severe Slugging Comparison with Beltran (2005) for vSG = 0.8 m/s, vSL = 0.4 
m/s, θ = -1o, and WC = 20% 

 
The severe slugging cycle time decreased dramatically, and the major difference revolves 

around the disappearance of the reverse liquid penetration into the pipeline. This slugging 

behavior is less severe. The simulation predictions agree well with the experimental results in 

terms of the maximum and minimum pressures and the cyclic time. The OLGA simulator, 

however, overestimates the pressure fluctuation with higher maximum pressure and lower 

minimum pressure. OLGA also gives a different shape while agreeing only on the severe 

slugging frequency. The gas is then gradually increased further until the flow becomes 

completely stable. The pipeline pressure behaviors for several gas superficial values with the 

same previous inputs are displayed in Figure 5-57.  
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Figure 5-57: Severe Slugging Comparison with Beltran (2005) for Different vSG, vSL = 0.4 
m/s, θ = -1o, and WC = 20% 

 
With the increase in the gas flow rate, the gas penetrating the riser immediately after the 

liquid reaches the top of the riser and therefore the slug production stage disappears. It can be 

also observed that the higher the superficial gas velocity increases, the shorter the severe 

slugging cycle becomes, and therefore, the more stable the flow will be. For the previous inputs, 

the flow becomes fully stable when the vSG reaches 3.7 m/s.  

 

5.6 Gas-Lift Instability Analysis  

Gas-lift is accomplished by injecting gas into the lower part of the production string from 

the casing-tubing annulus through one or more gas-lift valves. This process aims to increase the 

gas fraction and reduce the average density of the mixture and thereby decrease the hydrostatic 

pressure gradient. However, due to a decrease in mixture density, the gas injection subsequently 

becomes even higher than required due to the low tubing pressure, causing depletion of the gas 
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in the annulus. If the surface gas injection is not high enough to compensate for the gas 

depletion, the annulus pressure is then decreased followed by a drop or complete cessation of gas 

injection, which causes the tubing pressure to build up. After the annulus pressure recovers, gas 

injection restarts and a new cycle begins.  

The transient behavior in gas-lift wells described above is called casing heading, and it is 

simulated using the newly developed transient model. The gas-lift instability predictions are 

compared with the commercial simulator OLGA using a hypothetical vertical well model. 

Optimization techniques to avoid the unsteady state behaviors in gas-lift wells are proposed. The 

effect of water cut on the gas-lift casing heading and on the optimization techniques are also 

presented. The detailed well setup information for the base case is presented in Figure 5-58. 
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Figure 5-58: Base Case Inputs for Casing Heading Hypothetical Well 
 

The simulation results for the base case using the newly developed transient model and 

the OLGA simulator at water cuts of 0%, 20%, 40%, 60%, 80%, and 100% are shown in Figures 

5-59, 5-60, 5-61, 5-62, 5-63, and 5-64, respectively.  
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Figure 5-59: Casing Heading Comparison with OLGA for Base Case and 0% WC 
 

 
 

Figure 5-60: Casing Heading Comparison with OLGA for Base Case and 20% WC 
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Figure 5-61: Casing Heading Comparison with OLGA for Base Case and 40% WC 
 
 

 
 

Figure 5-62: Casing Heading Comparison with OLGA for Base Case and 60% WC 
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Figure 5-63: Casing Heading Comparison with OLGA for Base Case and 80% WC 

 

 
Figure 5-64: Casing Heading Comparison with OLGA for Base Case and 100% WC 
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It is clear that casing heading occurs for all water cuts as displayed by the oscillations of 

the outlet liquid and gas superficial velocities and bottom hole pressure. The maximum pressure 

and outlet superficial velocities agree very well with the OLGA simulations. However, the 

minimum pressure is higher than that from OLGA simulations for all the water cuts. In severe 

slugging, the gas in the pipeline penetrates the liquid column in the riser whenever the 

compressed gas pressure becomes higher than the hydrostatic head of the liquid. However, the 

gas-lift valve operating principle requires that the pressure in the casing to be at least 100 psia 

higher than the tubing pressure, which in return creates a different type of severity. With the 

same surface gas injection flow rate, when the water cut increases, the compressed gas in the 

annulus requires longer time to reach the required pressure and, consequently, a longer cycle. 

Moreover, the outlet flow rates become high for higher water cut and this does not reflect the 

actual behavior which can be observed only when the flow becomes stable. For stable flow, a 

higher water cut increases the mixture density and in return reduces the outlet flow rates. 

 Increasing the surface gas injection is the first optimization technique for achieving a stable flow. 

In the following figures, the surface gas injection flow rate increases with small increments from 

the base case (1.8 MMscf/d) until the flow becomes stable. The outlet superficial velocities for 

different surface gas injections at water cuts of 0%, 20%, 40%, 60%, 80%, 100% are shown in 

Figures 5-65, 5-66, 5-67, 5-68, 5-69, and 5-70, respectively.  
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Figure 5-65: Effect of Gas Injection Rate on Casing Heading Predicted by New Model for 
0% WC  

 
 

 
 

Figure 5-66: Effect of Gas Injection Rate on Casing Heading Predicted by New Model for 
20% WC  
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Figure 5-67: Effect of Gas Injection Rate on Casing Heading Predicted by New Model for 
40% WC  

 
 

 
 

Figure 5-68: Effect of Gas Injection Rate on Casing Heading Predicted by New Model for 
60% WC  
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Figure 5-69: Effect of Gas Injection Rate on Casing Heading Predicted by New Model for 
80% WC  

 
 

 
 

Figure 5-70: Effect of Gas Injection Rate on Casing Heading Predicted by New Model for 
100% WC  

 
When gas is injected, the bottom hole pressure decreases until it reaches a minimum 

value which leads to an excessive gas flow rate through the gas-lift valve. Therefore, a stable 

flow can be achieved if the surface gas injection is high enough to compensate for the gas 

depletion in the casing-tubing annulus. From the above figures, when the water cut increases, the 
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required gas injection rate for stable flow increases as well to overcome the heavier liquid in the 

tubing. For 0% WC, the required gas injection is 2.2 MMscf/d while it increases to 2.6 MMscf/d 

for 100% WC. Although for low water cut the surface gas injection is less, the outlet flow rates 

are higher than high water cut due to lighter fluid in the tubing which contradicts the behavior of 

the unstable flow.  

Decreasing the gas-lift valve port diameter is another useful way to achieve a stable flow. 

The gas-lift valves come with standard sizes and in the following figures the gas-lift valve 

diameter is decreased from the base case of 0.375 inch to the first available one which is 0.3125 

inch. The outlet superficial velocity for 0.3125 inch valve diameter at water cuts 0%, 20%, 40%, 

60%, 80%, 100% are shown in Figures 5-71, 5-72, 5-73, 5-74, 5-75, and 5-76, respectively. 

 
 

Figure 5-71: Effect of Gas-Lift Valve Port Size on Casing Heading Predicted by New Model 
for 0% WC  
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Figure 5-72: Effect of Gas-Lift Valve Port Size on Casing Heading Predicted by New Model 
for 20% WC 

 

 
       

Figure 5-73: Effect of Gas-Lift Valve Port Size on Casing Heading Predicted by New Model 
for 40% WC  
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 Figure 5-74: Effect of Gas-Lift Valve Port Size on Casing Heading Predicted by New 
Model for 60% WC  

 
 

 
       

Figure 5-75: Effect of Gas-Lift Valve Port Size on Casing Heading Predicted by New Model 
for 80% WC  
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Figure 5-76: Effect of Gas-Lift Valve Port Size on Casing Heading Predicted by New Model 
for 100% WC  

 
Smaller port size can slow down the high gas depletion in the annulus by limiting the 

flow through the gas-lift valve. However, a small port size also causes a high pressure-drop and 

increases operational cost due to the additional energy consumption. It can be observed that the 

flow becomes stable for all the water cuts with the smaller port diameter. This shows the 

significant effect of gas-lift valve size on gas-lift flow stability. Due to the flow restriction the 

decrease of gas-lift valve creates, the outlet flow rate decreases substantially for all the water cut 

cases. Although changing the gas-lift valve to achieve stable flow is one of the easiest 

approaches, one should still consider the loss in production as a determining factor. 

 

5.7 Severe Slugging in Horizontal Wells  

Severe slugging usually occurs in an offshore downward pipeline followed by an upward 

vertical riser system. The same geometry can be also found in an unconventional long horizontal 

well with downward inclined lateral. Horizontal wells are useful for thin-layered reservoirs and 

for scattered and isolated hydrocarbon pockets. The downward lateral, which is responsible for 
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the occurrence of severe slugging, could be designed on purpose or as in many cases due to the 

lack of sufficient drilling control. In the offshore pipeline-riser system, the large diameter of the 

pipeline over the sea floor and the relatively low pressure in the pipeline are the two primary 

conditions for severe slugging to happen. In horizontal wells, fast decline of production rate and 

the extended lateral length may lead to full or partial severe slugging. Partial severe slugging 

presents shorter slugs and cyclic duration in comparison to severe slugging. This makes the 

horizontal well a good option to mimic the slug evolution behavior. The objective of this section 

is to investigate physically the possibility of flow instabilities in unconventional wells and to test 

the new model for simulating slug evolution behavior. 

 

5.7.1 Well Profile 

A hypothetical extended reach horizontal well is used to demonstrate the occurrence of 

severe slugging. The well is simulated with both the new model and the OLGA simulator, and 

the results are compared. The source of the accumulated gas in the lateral during the severe 

slugging cycle is based solely on the solution gas, which comes out of the solution when the 

pressure drops below the bubble point pressure. The oil is chosen based on a high bubble point 

pressure to ensure that the gas starts to emerge out of the solution before entering the lateral to 

maximize the available length for the free gas to accumulate and expand. Based on this 

assumption, Vogel IPR is chosen to represent the two-phase flow model instead of linear IPR. 

The Vogel IPR is expressed by the form  
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(5-2) 

where qo is the oil flow rate in STB/D, qo,max is the maximum oil flow rate a well could 
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theoretically deliver at zero pwf in STB/D, pwf is the flowing pressure at the bottom of the 

wellbore in psia, and pr is the average reservoir pressure in psia. The flow instabilities caused by 

severe slugging is relatively small and the reservoir only feels the time-average of the 

instabilities. Therefore, the reservoir transient effect is ignored. The geometry schematic of the 

well used in OLGA simulation is shown in Figure 5-77. 

 

Figure 5-77: Geometry Schematic of the Unconventional Horizontal Well 

As a base case, the vertical section of the well is 2000 m long. The downward-inclined 

section is 2500 m long with -3.8o inclination angle. For simplicity, it is assumed that the tubing is 

lowered all the way to a few meters below the perforation instead of setting it in the vertical 

section. The remaining well data and reservoir characteristics are listed in Table 5-1. 
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 Table 5-1: Well Data and Reservoir Characteristics of the Unconventional Horizontal Well 

Vertical length (m) 2000 Average reservoir pressure (bara) 251 
Lateral length (m) 2500 Gas-oil ratio (Sm3/Sm3) 150 

Lateral Inclination (Deg) -3.8 Maximum oil flow rate (m3/d) 605 
Vertical tubing inner diameter (m) 0.089 Reservoir temperature (K) 338.15 
Lateral tubing inner diameter (m) 0.089 Gas specific gravity 0.65 

Wellhead pressure (bara) 20 Oil specific gravity 0.85 
 

5.7.2 Base Case Results 

The results are presented first for the base case followed by different production setups in 

order to achieve the optimal scenario. The comparison between the new model and OLGA 

simulator are based on the outlet liquid and gas superficial velocities and the pressure at the 

bottom of the vertical section. The pressure behavior at the bottom of the vertical section, the 

outlet liquid superficial velocity, and the outlet gas superficial velocity for the base case are 

shown in Figures 5-78, 5-79, 5-80, respectively.  

Figure 5-78: Severe Slugging in Horizontal Well, Bottom Pressure Behavior Comparison 
with OLGA for the Base Case 
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Figure 5-79: Severe Slugging in Horizontal Well, Outlet Oil Superficial Velocity 
Comparison with OLGA for the Base Case  

 
 

Figure 5-80: Severe Slugging in Horizontal Well, Outlet Gas Superficial Velocity  
Comparison with OLGA for the Base Case 
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Both the new model and OLGA display unsteady behavior. They agree well on the 

slugging frequency and the outlet superficial velocities. However, the pressure fluctuation 

amplitude predicted by the new model is considerably lower than that obtained from OLGA 

simulation. Figure 5-78 shows the pressure changes at the lowest point in the wellbore. The 

fluctuation is corresponding to the accumulation of the liquid after the elbow and the evolution 

of slug flow confirming the partial severe slugging behavior. The liquid and gas at the wellhead 

also exhibit significant oscillations associated with the long slug length. Due to the long vertical 

section and inclined lateral, the period of the severe slugging takes approximately 54 minutes 

while the pressure amplitude is about 20 bara (from the new model). This large and slow 

slugging can reduce the efficiency of the surface facility and cause severe operational problems. 

Moreover, for downhole pumps such as ESP, the high amount of gas during the severe slugging 

cycle may create a gas lock and lead to pump failure. In a small experimental facility, such as the 

one explained earlier, the liquid penetrates the pipeline during the slug formation stage while 

rising in the upward section. The slug production stage plays an important role in controlling the 

severe slugging cycle. In horizontal well with severe slugging, the liquid falls back, accumulates 

at the lower point, and is picked up by gas in the form of a slug. The compressed gas penetrates 

the liquid continuously and therefore the slug production and gas blowout stages are skipped. 

The severe slugging in horizontal wells is relatively new to the petroleum industry. In the 

following section, various production setups are tested in order to analyze and understand the 

phenomenon.   
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5.7.3 Stability Analysis 

The well behavior predictions are useful during the design stage to avoid the undesirable 

instability. If the well is already drilled, interferences sometimes are economically unfeasible. 

However, if the severity of the flow leads to well abandonment, expensive adjustment to the well 

design becomes justifiable. Different scenarios are simulated in this section which may be used 

to rectify the problem and revive the well. If the diameter of the tubing is decreased, the 

velocities of the gas and liquid increase, which in turn reduces the tendency of liquid 

accumulation. The flow pattern in the well lateral may also change from stratified to slug flow 

making the severe slugging less pronounced. First, the tubing ID is decreased from 0.089 m (3.5 

in) to 0.06 m (2.375 in) in both the new model and OLGA simulations and the results are 

compared. The pressure behavior, the outlet liquid superficial velocity, and the outlet gas 

superficial velocity for the decreased diameter are expressed in Figures 5-81, 5-82 and 5-83, 

respectively.    
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Figure 5-81: Severe Slugging in Horizontal Well, Bottom Pressure Behavior Comparison 
with OLGA for 0.06 m Tubing Diameter 

 

 
 

Figure 5-82: Severe Slugging in Horizontal Well, Outlet Oil Superficial Velocity 
Comparison with OLGA for 0.06 m Tubing Diameter 
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Figure 5-83: Severe Slugging in Horizontal Well, Outlet Gas Superficial Velocity 
Comparison with OLGA for 0.06 m Tubing Diameter 

 
The new model and OLGA both predict stable flow. The new model gives a lower 

pressure at the bottom of the vertical section while agreeing very well with OLGA on the outlet 

velocities. The outlet superficial velocities increase substantially due to the decrease in the tubing 

diameter. The pressure, on the other hand, increases due to higher frictional pressure gradient. 

 Because the severe slugging primarily occurs due to the downward inclined lateral 

followed by the elbow, decreasing the lateral diameter alone is better economically and might 

solve the problem. The increase in liquid and gas velocities due to the decrease in lateral 

diameter creates high sweeping energy and therefore overcomes the liquid accumulation. Then 

the lateral tubing ID is decreased from 0.089 m (3.5 in) to 0.06 m (2.375 in) while keeping the 

tubing ID in the vertical section as 0.089 m. The pressure behavior, the outlet liquid superficial 

velocity, and the outlet gas superficial velocity are shown in Figures 5-84, 5-85 and 5-86, 

respectively.  
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Figure 5-84: Severe Slugging in Horizontal Well, Bottom Pressure Behavior Comparison 
with OLGA for 0.089 m Vertical Tubing Diameter and 0.06 m Lateral Diameter 

 

 
Figure 5-85: Severe Slugging in Horizontal Well, Outlet Oil Superficial Velocity 

Comparison with OLGA for 0.089 m Vertical Tubing Diameter and 0.06 m Lateral 
Diameter 
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Figure 5-86: Severe Slugging in Horizontal Well, Outlet Gas Superficial Velocity 

Comparison with OLGA for 0.089 m Vertical Tubing Diameter and 0.06 m Lateral 
Diameter 

 
The prediction results of both models show stable flow with significant decrease in 

bottom pressure. This solution is more practical and cost effective since only approximately half 

of the tubing needs to be replaced.  

If the inflow performance is improved, the liquid and gas flow rates increase and, 

therefore, the severe slugging may be eliminated. The productivity index represented by the 

maximum oil flow rate for this two-phase flow well is the main factor in this stability control. 

For some wells, the inflow performance can be improved simply by stimulation jobs. Injecting 

an acid into the formation can reduce the skin, improve the damaged formation across the 

perforation, and as a result increase the inflow performance. Simulations are carried out with the 

maximum oil flow rate increase from 3800 STB/D to 4200 STB/D. The bottom pressure 

behavior, the outlet liquid superficial velocity, and the outlet gas superficial velocity are shown 

in Figures 5-87, 5-88 and 5-89, respectively.    
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Figure 5-87: Severe Slugging in Horizontal Well, Bottom Pressure Behavior Comparison 
with OLGA for 4200 STB/D Maximum Oil Flow Rate 

 

 
 

Figure 5-88: Severe Slugging in Horizontal Well, Outlet Oil Superficial Velocity 
Comparison with OLGA for 4200 STB/D Maximum Oil Flow Rate 
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Figure 5-89: Severe Slugging in Horizontal Well, Outlet Gas Superficial Velocity 

Comparison with OLGA for 4200 STB/D Maximum Oil Flow Rate 
 

The simulation results from the new model and OLGA show that a stable flow is also 

achievable if the reservoir performance is improved. In gas-lift operation, the casing heading can 

also be avoided by improving the productivity index. However, more practical and less 

expensive methods such as increasing the surface gas injection rate or decreasing the gas-lift port 

size are usually used. The stability controls for horizontal wells with severe slugging are limited, 

and the reservoir intervention if possible is a good option.  

It is a common practice to drill further than the pay zone. This extra length is useful for 

running some types of lengthy logging tools and to avoid blocking the perforation interval in 

case a stuck tool is to be cut and dropped to the bottom. Moreover, it can also be used as a future 

contingency if the perforation interval needs to be changed without the need for expensive well 

re-entry and extension drilling. When the lateral length increases, the gas gets extra volume to 

pressurize and decompress which leads to a severe slugging cycle. It is also possible that a stable 
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horizontal well becomes unstable and behaves in fluctuation form if deeper perforation interval 

is needed and extension drilling is performed. In the next case, the lateral length is increased 

from 2500 m to 3000 m and the results are analyzed. The bottom pressure behavior, the outlet 

liquid superficial velocity, and the outlet gas superficial velocity for the increased lateral length 

are shown in Figures 5-90, 5-91 and 5-92, respectively.      

 

Figure 5-90: Severe Slugging in Horizontal Well, Bottom Pressure Behavior Comparison 
with OLGA for 3000 m Lateral Section Length 
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Figure 5-91: Severe Slugging in Horizontal Well, Outlet Oil Superficial Velocity 
Comparison with OLGA for 3000 m Lateral Section Length 

 

 
 

Figure 5-92: Severe Slugging in Horizontal Well, Outlet Gas Superficial Velocity 
Comparison with OLGA for 3000 m Lateral Section Length 
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The new model predicts slightly higher outlet velocities while both predict a longer 

severe slugging cycle compared with the base case. The higher gas superficial velocity predicted 

by the new model results in increased severity and minimum liquid velocity but does not yet lead 

to liquid fallback. Moreover, the high gas blowout may not only create severe slugging behavior 

but also generate large gas pockets that affect the surface separators and downhole pumps.  

Decreasing the lateral section length becomes the logical option to be tested now. In 

some cases, when the lateral section is of an unnecessary length, it can be decreased by cement 

plugs. Moreover, cement plugs are useful if the perforation interval is changed and becomes 

closer to the wellbore. For the next case, the lateral section length is decreased from 2500 m to 

2000 m keeping all the other inputs fixed. The bottom pressure behavior, the outlet liquid 

superficial velocity, and the outlet gas superficial velocity for the decreased lateral length are 

shown in Figures 5-93, 5-94, 5-95, respectively.  

 

Figure 5-93: Severe Slugging in Horizontal Well, Bottom Pressure Behavior Comparison 
with OLGA for 2000 m Lateral Section Length 



 

 146 

 
 

Figure 5-94: Severe Slugging in Horizontal Well, Outlet Oil Superficial Velocity 
Comparison with OLGA for 2000 m Lateral Section Length 

 

 
 

Figure 5-95: Severe Slugging in Horizontal Well, Outlet Gas Superficial Velocity 
Comparison with OLGA for 2000 m Lateral Section Length 



 

 147 

The new model and OLGA simulation results predict stable flow and both agree well for 

all the calculated variables. All the stabilization techniques show effective results. Downhole 

well intervention is expensive and not always operationally feasible. Therefore, in real-world 

operation, the decision of the best stabilization technique is highly limited.  
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CHAPTER 6 

CONCLUSIONS AND RECOMMENDATIONS 
 
 
 

6.1 Conclusions 

The objectives of this study on theoretical, numerical, and programming levels have been 

successfully met. A summary is presented below while the detailed conclusions are provided in 

the following sub-sections: 

• In three-phase flow when the two liquids are separated, the two-phase models cannot be 

used and the new flow patterns must be considered. A new transient mechanistic model is 

developed based on mass and momentum conservation equations. 

• A new numerical algorithm for solving the system of partial differential equations is 

presented and it shows a wide range of stability. 

• The model is comprehensive and can be used to predict different steady-state and 

transient multiphase pipe flow behaviors. The model can also be used to generate detailed 

flow pattern maps for three-phase flow.   

• The new transient model is verified with large-scale experimental results and commercial 

software simulations of commonly occurring transient phenomena and good agreement is 

observed. 

 

6.1.1 Model Development 

• Flow patterns are identified for three-phase pipe flows in horizontal and inclined 

pipelines. This study focuses on the most dominant and frequent flow patterns—three-
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layer stratified flow, slug flow with stratified film and slug, and slug flow with stratified 

film and mixed slug. 

• Use of three-fluid model instead of fully mixed or a drift-flux approximation especially 

for horizontal pipeline flow when all the phases are separated allows consideration of 

more physics which provides better predictions.  

• In the new model, the slug unit is implemented by connecting the gas pocket and slug 

body regions using mass and momentum exchanges. 

• Several steady-state closure relationships are replaced with transient conservation 

equations such as continuity and average holdup in the slug unit. This increases the 

number of variables with higher complexity, for capturing the transient behavior. 

 

6.1.2 Numerical Scheme and Solution Algorithms 

• The mass and momentum conservation equations are discretized using implicit finite 

difference schemes for better convergence and stability.  

• The implicit solution allows the use of large time steps that make it economical to 

simulate deep wells and long pipelines.  

• The stability of the implicit algorithm ensures the consideration of complex flow patterns 

without unnecessary simplifications.  

 

6.1.3 Flow Pattern Transitions and Flow Pattern Maps 

• Three-phase flow pattern maps were constructed based on gas-liquid flow pattern 

transitions and the oil and water mixing status. The flow pattern maps are useful for 

operating the flow within a safe margin if a specific flow pattern is required.  
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• At low water cut, the increase of water cut promotes stratification due to the extra energy 

required for the oil to disperse the water. The three-layer stratified flow and the slug flow 

with stratified film and slug become the dominant flow regimes instead of the stratified 

flow with fully mixed oil and water and slug flow with fully mixed oil and water.  

• At high water cut, the water tendency to disperse the oil increases and expands the 

stratified flow with fully mixed oil and water. Moreover, the tendency for the liquid to 

disperse the gas reduces the stratified margin and increases the tendency of the slug flow. 

• The slug flow with stratified film and mixed slug appears only for 40% water cut in a 

small area. This is because the turbulent energy in the slug body is higher than that in the 

liquid film of the gas pocket region.     

• The criterion for predicting the mixing status between oil and water is based on a 

previous model that uses the maximum droplet size generated under local flow conditions 

as a benchmark. The model is modified to accommodate the presence of separated gas 

layer that affects the dispersion process by altering the liquid film holdup and velocity. 

 

6.1.4 Steady State Perturbation and Sensitivity Analysis 

• If the flow pattern is changed during the steady-state perturbation, the time it takes for 

stabilization may overcome the effect of the gravitational forces associated with the 

increase in inclination angle.   

• The increase in cell length causes longer stabilization time in OLGA simulations but has 

less effect in the new model simulation.  

• Increasing the time step does not affect the stabilization and cyclic period if they are 

within the CFL limit in both the new model and OLGA simulations. 
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6.1.5 Severe Slugging in Pipeline-Riser System 

• The performance of the new model to simulate severe slugging phenomenon for three-

phase flow has been confirmed through comparison with Beltran’s (2005) experimental 

works, and the effects of water cut and the downward inclination angle are investigated. 

• In severe slugging, increasing the gas superficial velocity can stabilize the flow. Before 

reaching the fully stable flow status, shorter severe slugging cycles, less pressure 

fluctuation at the bottom of the riser and the disappearances of slug production and gas 

blowout stages are observed.  

• Since severe slugging only occurs when the flow pattern in the pipeline is stratified, using 

the new model of three-layer stratified flow instead of two-phase approximation gives 

better accuracy.    

• The increase in water cut and pipeline downward inclination angle in severe slugging 

increases the time needed for the compressed gas to overcome the heavier liquid column 

in the riser and therefore leads to longer cycle. 

• During the slug formation stage in three-phase severe slugging, the oil and water are 

separated in the riser and therefore the use of two-phase mixture approximation causes 

bigger error in results.   

• The coexistence of oil and water in severe slugging occurrence in a pipeline-riser system 

creates a unique flow behavior. During slug formation and production stages, water may 

partially or fully block the oil in the pipeline creating higher water fraction in the riser 

and at the same time the oil in the riser segregates from the water. When the trapped oil 

in the pipeline is pushed through the bottom of the riser, liquid-liquid slugging is 

observed before the gas blowout stage.  
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6.1.6 Gas-Lift Instability Analysis 

• The gas-lift casing heading process and its characteristics are analyzed with the new 

transient model and different optimization techniques are evaluated. Increasing the gas 

injection rate and decreasing the port size of the gas-lift valve are shown to be effective 

techniques for stabilizing the gas-lift instabilities.   

• Increase of water cut in three-phase gas-lift casing heading increases the required gas 

injection rate for stable flow to overcome the heavier fluid in the tubing. 

• Smaller gas-lift valve port size has a significant impact on well stability since it can 

suppress high gas oscillations. However, a small port size also causes a high pressure 

drop, resulting in a higher bottom hole pressure and a lower production rate. 

 

6.1.7 Severe Slugging in Horizontal Wells 

• Severe slugging that occurs in an offshore pipeline-riser system can also occur in an 

unconventional long horizontal well system. Although the slug production and severe gas 

blowout stages are absent, significant fluctuations of liquid and gas flow rates at the wellhead 

are generated due to the great length of the slug unit. 

• Reducing the lateral tubing diameter, shortening the lateral section length, and improving the 

inflow performance are demonstrated to be good rectifying techniques for severe slugging in 

horizontal wells.    

 

6.2 Recommendations 

Below are several recommendations for further development of the model and validation. 

• More experimental work and field data could be used for further model validations. 
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• Other elimination techniques for severe slugging such as gas lifting or choking and for gas-

lift casing heading such as modified gas-lift valves can be tested.   

• Most of the current simulators including this study assume constant wellhead pressure while 

in reality the pressure is fluctuating with the flow rates. The models in the literature for 

calculating the pressure drop at the surface valve for two-phase flow are outdated and need to 

be improved.    

• This study considers the extreme cases of fully separated or fully dispersed oil and water. 

The partial dispersion that occurs during the transition needs to be considered. 

• The new model in this study can be extended to accommodate the transient flow in pipeline 

networking. 
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NOMENCLATURE 
 
 
 

English Letters 
 
Symbol                     Description 
 
A  area 
 
Ce  coefficient 
 
d       pipe diameter 
 
d       hydraulic diameter 
 
dCB       critical bubble diameter based on gravity and turbulent forces 
 
dCD       critical bubble diameter above which bubbles start to coalesce 
 
dMAX       maximum droplet diameter 
 
FE  liquid entrainment fraction 
 
f friction factor 
 
fO oil fraction 
 
fW water fraction 
 
GG  gas mass source 
 
GO  oil mass source 
 
GW  water mass source 
 
g  gravity acceleration 
 
H  holdup 
 
HLC  liquid holdup in gas core 
 
HLS  slug liquid holdup 
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HOC  oil holdup in gas core 
 
HWC  water holdup in gas core 
 
HWGS  water holdup with entrapped gas in slug body 
 
j  the sequence number of mesh cell 
 
l  length 
 
l  liquid 
 
NRe  Reynolds number 
 
n  the sequence number of time step 
 
p  pressure 
 
pr                                             average reservoir pressure 
 
pwf                                           flowing pressure at the bottom of the wellbore 
  
qo                              oil flow rate 
 
qo,max                         maximum oil flow rate a well could theoretically deliver at zero pwf 
 
RFU  film to slug unit length ratio 
 
S  perimeter 
 
t  time 
 
v velocity 
 
vD drift velocity of gas bubbles 
 
vSG superficial gas velocity 
 
vSL  superficial liquid velocity 
 
vSO  superficial oil velocity 
 
vSW  superficial water velocity 
 
vT  slug transitional velocity 
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W  mass flow rate 
 
z  position 
 
 

 
Greek Letters 

 
Symbol                     Description 
 
α  gas-volume fraction in liquid of slug body, void fraction 
 
ε  energy dissipation per unit mass 
 
ϕ  volumetric phase fraction 
 
θ  inclination angle from horizontal 
 
µ  viscosity 
 
ρ  density 
 
σ  surface tension 
 
τ  shear stress 

 
Θ  wetted wall fraction 
 
 
 

Subscripts 
 
Symbol                     Description 
 
C  gas core, continuous 
 
D  dispersed 
 
F  liquid film 
 
G  gas 
 
I  interface, inversion 
 
I0  oil-water interface in slug body of slug flow 
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I1  gas-oil interface in film region of slug flow 
 
I2  oil-water interface in film region of slug flow 
 
Int internal 
 
L  liquid 
 
M  mixture 
 
O  oil 
 
OF oil film 
 
OS oil phase in slug body 
 
OW oil-water 
 
p  pipe 
 
S  slug 
 
U  slug unit 
 
W  water 

 
WF water film 
 
WS water phase in slug body  
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APPENDIX A 
 

SETUPS FOR MODEL VERIFICATIONS 
 
 
 

Table A-1: Three-Layer Stratified Flow Conditions 
 

Pipe length (m) 40 Gas density (kg/m3) 1.5 
Outlet pressure (Pa) 200000 Oil density (kg/m3) 850 
Pipe diameter (m) 0.0508 Water density (kg/m3) 1000 

Gas superficial velocity (m/s) 0.1-2.5 Gas viscosity (kg/m-s) 0.0000189 
Liquid superficial velocity (m/s) 0.01 Oil viscosity (kg/m-s) 0.01715 

Water cut (%) 40-80 Water viscosity (kg/m-s) 0.001 
 

Table A-2: Slug Flow with Stratified Film and Slug Conditions 
 

Pipe length (m) 40 Gas density (kg/m3) 1.5 
Outlet pressure (Pa) 200000 Oil density (kg/m3) 850 
Pipe diameter (m) 0.0508 Water density (kg/m3) 1000 

Gas superficial velocity (m/s) 0.1-0.5 Gas viscosity (kg/m-s) 0.0000189 
Liquid superficial velocity (m/s) 0.2 Oil viscosity (kg/m-s) 0.01715 

Water cut (%) 40-60 Water viscosity (kg/m-s) 0.001 
 

Table A-3: Low Liquid Loading Flow Conditions 
 

Pipe length (m) 112.8 Gas density (kg/m3) 1.9 
Outlet pressure (Pa) 160000 Oil density (kg/m3) 760 
Pipe diameter (m) 0.1524 Water density (kg/m3) 995 

Gas superficial velocity (m/s) 9.5-22.6 Gas viscosity (kg/m-s) 0.000018 
Liquid superficial velocity (m/s) 0.01 Oil viscosity (kg/m-s) 0.00127 

Water cut (%) 20-80 Water viscosity (kg/m-s) 0.0009 
 

Table A-4: Flow Pattern Maps Flow Conditions 
 

Pipe length (m) 40 Gas density (kg/m3) 1.5 
Outlet pressure (Pa) 200000 Oil density (kg/m3) 850 
Pipe diameter (m) 0.0508 Water density (kg/m3) 1000 

Gas superficial velocity (m/s) 0.01-10 Gas viscosity (kg/m-s) 0.0000189 
Liquid superficial velocity (m/s) 0.01-10 Oil viscosity (kg/m-s) 0.01715 

Water cut (%) 20-60 Water viscosity (kg/m-s) 0.001 
 

 


